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L
POSETS(Partially Ordered Sets)

Partially ordered relation : A relation R on a set A is
called partial order if R is reflexive, anti-symmetric and

transitive.

Poset . The set A together with the partial order R is called
a partially ordered set or simply a poset. It is denoted by
(A, R).



Examples

1. Let A be a set of positive integers and let R be a binary
relation such that (a, b) is in R if a divides b.

Since any integer divides itself. R is reflexive. Since a divides b
means b does not divide a unless a = b, R is an anti-symmetric
relation. Since a divides b and b divides c then a divides ¢, so R
isI transitive relation. Consequently, R is a partial ordered
relation.

2. Let A be a collection of subsets of set S. The relation ‘c’ of set
Inclusion is a partial order on A. So (A, <) Is a poset because set
has desired properties

(1) Ac AforanysetA
(i) fAcBand Bc AthenA=B
(i) fAc BandBc CthenAc C.



Dual of Poset

Let R be a partial order on a set A, and let R~ be the
inverse relation of R. Then R1is also a partial order. The
poset (A, R™1) is called the dual of the poset (A, R) and
the partial order R~ is called the dual of the partial order R.



D
Product Partial Order

If (A, <) and (B, <) are posets, then (Ax B, <)Is a
poset with partial order < defined by (a, b) <(a’, b’) if
a<a inAandb<b'inB.

The partial order < defined on the Cartesian product
A x B Is called the product partial order.

A={1,2,3} B={0,4} R: <=
R={(1,1),(1,2),(1,3),(2,2),(2,3),(3,3)} (A,R)=poset
R={(0,0),(0,4),(4,4)} (B,R)=poset
A x B={(1,0),(1,4),(2,0),(2,4),(3,0),(3,4)}
R={((1,0),(1,4)), ((1,0),(2,0)), ((1,0),(2,4)),.............. }
(A x B,R)=poset

R=product partial order.



Hasse Diagram

Procedure for drawing Hasse Diagram :
1. Draw the digraph of given relation
2. Delete all cycles from digraph

3. Eliminate all edges that are implied by the transitive relation.
Forex.IfaR b, bR cthenaR csoeliminate (a, c) edge.

4. Draw the digraph of a partial order with all edges pointing
upward so that arrows may be omitted from edges.

5. Finally replace the circles representing the vertices by dots.

Such a graphical representation of a partial ordering
relation in which all arrowheads are understood to be pointing
upward is known as the “Hasse digraph” of the relation.



Draw Hasse diagram for the following relations on set
A={1, 2, 3, 4, 12}
R={(1, 1), (2, 2), (3, 3), (4, 4), (12, 12), (1, 2), (4, 12), (1, 3), (1, 4), (1, 12), (2, 4), (2, 12),

(3,12)} "
Step 2: Remove transition

Step 1: Remove cycles T "
edge. Eliminated transitive

0'9 edges (1, 4), (2, 12), (1, 12).
" "
0
Step 3: °
Circles are replaced by .
dots. Arrows are also
removed.




Let A={a, b, c, d} and R be a relation on A
whose matrix is

1
oo+
oo~

==

1
1
1
0
()Prove that R is partial order.

(inDraw Hasse diagram of R.
Solution:

@D R = {aa &cd &d b b Gk b,
(c, d), (g, d), (d, d) R is reflexive because it
contain (a, a), (b, bl, (c, ¢}, (d, d).
R iz antisymmetric because it contain a and b such
thatif a=h,thena Rbhorb K a
R zatisfies thi= condition, hence Ris
ant-symmetric.
R is transitive =ince it contain (a, d) and (b, d).
R iz partial order.

(i1) Diagraph of Mz i= given below.

Step 1 - Remove reflexdve relation

Step 2 - Remove transitive relationie. (a, d) and
(b, d).

Step 3  Circles are replaced by
dots and all edges are pointing
upward. Arrows are removed.



More Examples

Draw a Hasse diagram for A, R= (divisibility relation) where
) A={1,2,3,4,5,6,7, 8}

R={(1,1).(1,2),(1,3),(1,4),(1,5),(1,6),(1,7),(1,8),(2,4).(2,6).(2,
8).(3.6),(4.8),(2,2),(3,3).(4,4).(5,5),(6,6),(7,7),(8,8)}

(YA=1{1,2,3,5, 11, 13}
(i) A=1{2, 3, 4, 5, 6, 30, 60}

(V)A={1,2, 3,612, 24}
(V)A={1,2, 48,16, 32, 64}
(ViyA={2, 4, 6, 12, 24, 36}



- A={1,2,3,6,12,24}, R is divisibility relation

R={(1,1),(1,2),(1,3),(1,6),(1,12),(1,24),(2,2),(2,6),(2,12),(2,24),(3,
3),(3,6),(3,12),(3,24),(6,6),(6,12),(6,24),(12,12),(12,24),(24,24)}



solution:

(i): 8 i) i

(i) 5 0
1 Tﬁ 2ﬂ3ﬂ 0 ol / \an
05 L0 ﬁ/ \
9 7 10
ﬂQn/ V |/i 0
1 1 > 3 5
(v): 0" (v): 0 U 36




D
Chain and Antichain

Let (A, <) be a partially ordered set. A subset of A is called a
chain if every two elements in the subset are related. The
number of elements in a chain is called the length of the
chain.

A subset of A is called an 'antichain’ if no two distinct
elements in the subset are related.

A partially ordered, set (A, <) is called a "totally

ordered set" if Ais a chain. In this case, the binary relation '
<'is called a total ordering relation.



Example

Let A = {a, b} and consider its poset (P(a), <)
Then
P(a)={{null set},{a},{b},{a,b}}

{{¢}, {a}, {a, b}}, {¢}, {b}, {a, b}}, {{¢}, {a}}, {¢},
{b}}, {{a}, {a, b}}, {{b}, {a, b}} are chains

and {{a}, {b}} is anti-chain.



Ex. Draw the Hasse diagram of the
following sets under partial ordering
relation "divides" and indicate those
which are chains.

(a) {1, 3, 9,18}

Solution: Partial ordered relation "divides"
for the given set {1, 3, 9, 18} is

R={(1, 1), (1, 3), (1, 9), (1, 18), (3, 3), (3,
9), (3, 18), (9, 9), (9, 18), (18, 18)}
Digraph for the above relation is as shown

(o

(0‘0)
4

Step 1:

Step 2:
()
(2)
()
(D
Step 3:
Ais a chain

Poser (A, “divides”) is called a "totally
ordered set" In this case, the binary
relation ‘divides' is called a total ordering
relation.



Maximal Element, Minimal Element

An element a € Ais called a ‘maximal element’ of A If
there is no element ¢ in A such that a < c.

An element b € Ais called a ‘minimal element' of A if
there is no element ¢ in A such that c < b.

It follows immediately that if (A, <) is a poset and (A,
>) IS its dual poset.

An element a € A is a maximal element of (A, >) if and
only if a is a minimal element of (A, <) Also 'a’ is a minimal
element of (A, ) if and only if it is a maximal element of (A,
<).



Examples

Maximal elements : al, a2, a3 Maximal elements : 3,5 Maximal elements : f, g

Minimal elements : b1, b2, b3 Minimal elements : 1, 6 Minimal elements : a, b, ¢



Greatest Element, Least Element

An element a € Ais called a greatest element of Aif x < a
for all x € A. An element a € Alis called a least element of
Aifa<xforallx e A

An element a of (A, <) is a greatest (or least) element if and
only it is a least (or greatest) element of (A, >).

A poset has atmost one greatest element and atmost
one |least element.

The greatest elements of a poset If it exists, is denoted by |
and is often called the unit element. similarly, the least
element of a poset, If it exists, is denoted by 'O ‘ and is
often called the zero element.



Examples

Greatest element | = f
Least element O = a

Greatest element | = e
Least element O = none

Greatest element | =5
Least element O = none



Example

Consider the poset {3, 5, 9, 15, 24, 45}, for divisibility
relation.

(1) Draw its Hasse diagram.

(i) Find its maximal, minimal, greatest and least elements
when they exist.

(i) Find maximal, minimal, greatest and least elements of
the set M = {3, 9, 15}, when they exist.

Solution: i) Maximal Elements: 24,45
I) Hasse Diagram 45 Minimal Elements: 3,5
/°\ Greatest, Least elements do not exist
240, 90 ol5 _
‘/I iii) Maximal Elements: 9,15
O o Minimal Elements: 3
5 Greatest element DNE
Least element : 3

3



Upper Bound, Lower Bound

Upper Bound : Consider a poset A and a subset B of A. An
element a € Ais called an upper bound of Bifb<aforall b e
B.

Lower Bound : An elementalAis called a lower bound of B if
a<bforall be B.

Least Upper Bound (LUB) : Let A be a poset and B be a subset
of A. An element a € Ais called a least upper bound (LUB) of B
If a is an upper bound of B and a < a', whenever a' is an upper
bound of B. Thus a = (LUB) (B) if b < a for all b € B and if
whenever a' € A is also an upper bound of B. Then
a<a.

Greatest Lower Bound (GLB) : Similarly, an element a € A is
called a greatest lower bound (GLB) of B if a is a lower bound
of B and a' < a. whenever a' is a lower bound of B. Thus a = GLB



Example

Ex.: A={a,b,c,d, efqg,h} f g
Bl <« A,B2cA
() B1 ={a, b} d e
(i) B, ={c,d, e} 2
Solution: a b

(1) Upper bounds of setBl are c, d, e, f,gand h
least upper bound is 'c'.
Lower bounds of set B1 is none.

(i) Upper bounds of set B2 are f, g, and h. There is no
least upper bound. Lower bounds of set B2 are c, a, b
Greatest lower bound is ‘c’.



Example

LetA={a, b, c, d, e, f, g, h}be the poset whose Hasse
diagram is shown in Fig. g i
Find GLB and LUB of B ={c, d, e}. f
Solution:

(1)Upper bounds of B aref, g, h.
Least upper bound is f.

(2)Lower bounds of B are c, a, b.
Greatest lower bound is ‘C’



Dizgraph :

Example

Find the greatest lower bound anc
least upper bound of the set (3, 9,
12) and {1, 2, 4, 5, 10} if they

exists in the poset (Z+, /) . Where

[ I1s relation of diversibility. LUB : 3.9 n
Solution: : z z :
(a) A={3, 9, 12} 12 | 12 - 12
R={(3, 3), (3, 9), (3, 12), (9, 9), oL e
(12, 12)} 3 —— 3
- 3 9 12 _ o . 5 ;

AL = : : i : 12 3 3 12

ol I GLB of {3, 9, 12} =3

LUB of { 3, 9, 12} =36



10

Example “ 5

Hasse Diagram:

2
(b)A={1, 2, 4, 5, 10 }
R={(1, 1), (1, 2), (1, 4), (1, 5), (1,10), ‘
(2, 2), (2, 4), (2, 10), (4, 4), (5, 5), GLBof {1,2,4,5,10}=1
(5, 10), (10, 10)} LUB of {1,2,4,5,10}=20
LUB
1 2 4 5 10 s o4 s 1
1 11111 11 2 4 5 10 ]
2 t1 101 2 2 2 4 10 10
M= 4 00100 4 4 4 4 - -
> 00011 5 5 10 - 5 10
lﬂ_ﬂﬂﬂﬂl_ 10| 10 - 10 10 -
GLE :
1 2 4 5 10
1 |1 1 1 1 1
2 |1 2 2 1 2
4 |1 2 4 1 2
5 |1 1 1 5 5
101 2 2 5 10




Lattice

A lattice is a poset (L, <) in which every subset {a, b}
consisting of two elements has a least upper bound and a
greatest lower bound.

We denote LUB ({a, b}) by a v b, and call it the join of a
and b. Similarly, we denote GLB ({a, b}) by a A b and call it
the meet of a and b.
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Ex. 1

Example

LUB:
GLB




EX. : If L, and L, are the lattices shown
in Fig. 3.68 Draw the Hasse diagram of L,
x L, with the product partial order.

L1 [ [ L2
Solin.:
For lattice L,, Let A={al,b1}

Ri={(as, &), (a3, by), (by , by)}

For lattice L,, Let B={a2,b2}

R, ={(a,, @), (a5, by), (by, by)}

If (A, <) and (B, <) are posets, then (A xB,
<) Is a poset with partial order <defined by
(a,b) <(@’b)ifa<a’in Aand b <b’in B.
A x B ={(al,a2),(al,b2),(b1,a2),(b1l.b2)}

Product partial order relation defined on
A x B is as follows :

R:={((a;, a,), (a1, @), (a1, @,), (a1, b)),
(a1, ay), (by, @3)), ((@1, @y), (by, b)),
((@g, by), (a1, by)), ((@g, by), (by, by)),
((by, @5), (by, @3)), ((by, @,), (by, b)),
((b,, b,), (by, b))}

Step 3 :Hasse Diagram of L, x L,

(by.by)
(ay,b2) (by,as)

(aq85)



Lattice

Let n be a positive integer and D, be the set of all
positive divisors of n. Then D, is a lattice under the
relation of divisibility. For instance,

D= {1,245,1020}  D,={1,23.56.10,15.20}
20




AR :
| 0
1 1 2 4 5 10 20
2 2 2 4 10 10 20
4 4 4 4 20 20 20
5 5 10 20 5 10 20

10 10 10 20 10 10 20
20 20 20 20 20 20 20

1 1

1 a2 a0 |z

2 la |z |z |1 |z |z

4 1 2 4 1 2 4 D20 is a Lattice
5 1 1 1 5 5 5

10 1 2 2 5 10 10

20 1 2 4 5 10 20



Dual of a lattice

Let R be a partial order on a set A, and let R" be the inverse
relation of R. Then R' is also a partial order.

The poset (A, R) is galled the dual of the poset (A, R).
whenever (A, <) is a poset, we use “>" for the partial order <

* Dual of a lattice: Let (L, <) be a lattice, then the (L, 2) is called
dual lattice of (L, <).

* Note: Dual of dual lattice is original lattice.

* Note: In (L, <),ifa v b=c;aAb=d, then in dual lattice (L, =),
avb=diaanb=c

* Principle of duality: If P is a valid statement in a lattice, then

the statement obtained by interchanging meet and join
everywhere and replacing < by 2 is also a valid statement.



Example

Fig. a shows the Hasse diagram of a poset (A, <), where
A={a, b,c, d, e, f}
Fig. b shows the Hasse diagram of the dual poset (A, >)




Sub-lattice

Let (L, <) be a lattice. A nonempty subset S of L is called a
sublattice of L, Ifavb e Sand aanb € Swheneverae S

and b € S.

Lattice: Sh:

I 1

The partially ordered subset
‘Sb’ shown in Fig. is not
sub-lattice of L because
avbegSbandaab ¢ Sh.

(0]
The partially ordered
subset ‘Sc’ shown in
Fig. is not sub-lattice of L
because av b ¢ Sc.



Sub-lattice

Consider the lattice L shown in fig. Determine whether or
not each of the following is a sublattice of L.

L, = {X,a,b,y}, L, = {X a, ey}
L, = {a,c,d,y}, L, =1{xc,dy}

. Now L,, is not a sublattice since a v b = ¢ which does

not belong to L;.
The sets L, and L, are sublattices.
The subset L, is not a sublattice since ¢ A d = a does

not belong to L,.



Properties of Lattices

1. ldempotent Properties
(@) ava=a
() ana=a
2. Commutative Properties
(@ avb=Dbva
(b)) aaAb=Dbaa
3. Associative properties
(@ av (bvcec) =(avb)vece
() aan (bac) =(anb)ac
4. Absorption Properties
(@ av (avb) =a
(b) anan (avb) =a



ISOMORPHIC LATTICES

Definition : Two lattices L and L' are said to be isomorphic
If there is a function f : L — L’ such that

(1) f1s one to one

(i) fis onto (i.e. fis bijection)
(i)  f(aAb)=1f@) A f(b)

(iv) f(avb)=1fa) v f(b)

For any elements a, b in L.

ae .1 a‘—-b.1 a.-_..1

e e 2 e 2
R
) e ) 4 )

5 u 5

A function that is An onto function A function that
not one-to-one is not onto

o - 0 D
%I
N S W N -

A one-to-one function



Example

Are the two lattices shown in the Fig. isomorphic ?
Soln.:We denote the lattices as L, and L,
f:L, —»L,as
f(a)=1, f(b)=2, f(c)=4, c
f(d)=3, f(e)=5
Note that the mapping is one-to-one and onto

Also f(cad) =f(b)=2

and f(c)=4 and f(d)=3

and flc) Af(d)=4 A3=2

f(c A d) =f(c) A f(d)
Similarly f(c v d)=f(c) v f(d)
Hence the two lattices are isomorphic

d



Example

Are the two lattices shown in Fig. isomorphic ?

6 5
e
d
4 3
b c
2 1
a

Solution:

The two lattices are not isomorphic, since the two lattices do not have
the same number of elements. Hence, the mapping between two
lattices cannot be one to one and onto.



D
Types of Lattices-Bounded Lattice

Definition :
A lattice L is said to be bounded if it has a greatest

element | and a least element O. If L iIs a bounded lattice,
then for all a e A

av0 =a, an0 =0
avl =l anl =a



Types of Lattices-Distributive Lattice

A lattice L is called distributive if for any elements a, b and ¢
In L we have the following distributive properties.

1. anbvec) = (@anb)v(anc
2. av(bac)=(@vb) aA(avc

If L is not distributive, we say that L is non-
distributive.




Example

I

b C
O
O
Fig.(a) Fig.(b)
(@) We have,

an(bvec=aanl=a
while (@aaAb)v(aanc)=bvO0=Db

So Fig. (a) is non-distributive
(b) Observe that

an(bvec=aanl=a
while (aAnb)v(aanc) =0v0=0

So Fig. (b) is non-distributive.



Complemented Lattice

A lattice L is said to be complemented if it is bounded and if
every element in L has a complement

Let L be a bounded lattice with greatest element | and least
element O, and leta < L.

An element &' € L is called a complement of a if.
ava =l and anaa =0




Example

D,, Is not a complemented lattice

Element Complement
1 20
2
4 5
5 4
10
20 1




Example

D, 1s complemented lattice

1
2
3 10
5

6 5
10 3
15 2 D
30 1



Example

Show that in a bounded distributive lattice, if a complement exists, it is unique.
Let a’ and a"" be complements of the element.

ael. Then
ava-=l ava'=l
ana=0 ana'=0
Using the distributive laws, we obtain
a' =a'vO0
=a'v(@ana
=(@'va)a(@va"
=lAn(@va"
=a'va"
Also, a" =a"vO0
=a"v (anAa)
=(@"va)a(@ va)
=lAn(a'va")
=a'va"
Hence, &' =a"



Boolean Algebra

A boolean algebra is a lattice which contains

1. 2" elements for any integer n > 0.

2. A greatest element and a least element.

3. and which is both complemented and distributive.



Ex. Determine whether the following
posets are Boolean algebras. Justify

your answer.

A = {1,2, 3, 6} with divisibility

Solution:

Given set Ais {1, 2, 3, 6} and the Partial
order relation of divisibility on set Ais
R={(1, 1), (1, 2), (1, 3), (1, 6), (2, 2), (2, 6),

(3. 3). (3, 6), (6, 6)}

Matrix of the above relation is,

1 2

1
Mg = 1
0
0

Lo T IR = I
L= R = R =

Diagraph is as follows :

3

1
0
1
0

6
1
1
1
1

To convert above digraph into Hasse

diagram.
(DRemove cycles

(ilRemove transitive edge (1, 6)

L7 T = T o R I I
o o Ch GOt

W 1
1 1
2 2
3 3
8 B8

GLB -

o Ch @ | Ch

L N e

oo bR |
L R R e
[ I e N

3

Every pair of elements in A has a GLB
and a LUB. Therefore A is a lattice.

[ R e e e

6



A has a least element (0) =1
and a greatest element (1) = 6
Number of elements in A is 4=22

2v 3 =6 ;

23 =1

Complement of 2 is 3.

or complement of 3 is 2

A is a complemented lattice,
Also we can show that the operations v, A
are distributive
2v(2A3)=2Vv2)A(2Vv3)
2v1 = 2A6
2 = 2
: Ais a distributive lattice.
A satisfies all requirements of Boolean
Algebra.
A under divisibility is a Boolean
Algebra.



Determine if poset represented by each of the Hasse diagrams are lattices.
Justify your answer.

Fig. a Fig. b Fig. c
f f h
o q o e /of\ g
C d
b b C b X d
d




