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Introduction

A relation between elements of two sets is a subset of their

Cartesian products (set of all ordered pairs)

Definition: A binary relation from a set A to a set B is a subset

R — AxB ={(a,b) | a€A, beB}

When (a,b)eR, we say that a is related to b.

Notation: aRb, aRb



Relations: Representation

* To represent a relation, we can enumerate every element of R

* Example
— Let A={a,,a,,a3,a,4,a-} and B={b,,b,,b.}
— Let R be a relation from A to B defined as follows
R={(a;,b;),(a;,b,),(a1,03),(a,,b1),(a3,b,),(a3,b,),(a3,b5),(as, by )}
Graphically,

a b
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DIGRAPHS-Directed Graphs

A digraph (directed graph) is a diagram composed of points

called vertices (nodes) and arrows called edges goine from a

(1

vertex to a vertex.
Example :-A digraph with 3 vertices and 4 edges

2 3

Example:-V={0, 1, 2, 3,4, 5,6 },E={(0, 2),(0, 4),(0, 5),(1, 0),
(2,1),(2,5),(3,1),(3, 6), (4,0),(4, 5),(6, 3),

(6,5) }

Matrix Representation ?




Degree of Vertex in a Directed Graph

A directed graph, each vertex has an in-degree and an out-degree.

In-degree of a Graph-Number of edges which are coming into the

vertex V.

Out-degree of a Graph-Number of edges which are going out from

e o .---

o e Degree
Out- 2 0 2 1
o degree




Find out in degree and out degree

- ] N R
In 2 2 1 2
Degree
Out- 1 4 1 1
e degree




Problems

For the digraph shown let R be given by digraph shown.
Find M and R

o O = 0O O O
o -~ 0O O O -
o O -~ O 0O O
- a O O O O
o O O O = 0O
o O O O O —



Example

Let A={1, 2, 3, 4, 6} and let R be the relation on A defined by 'x divides y'. Find R and
draw the digraph of R. Find Matrix of R.

Soln.: R = {1,1),(1,2), (1,3), (1,9, (1,6), 2,2), (4,4)
(2,9, (2,6), (3,3), (3,6), (6,6)}

Azzume the rows and coluimmnz of M are each

labelled 1, 2. 3, 4, 8 =ince R 1= relation from A to A
the matrix Mg, is square, ie. My has the same number

of row as column

1 2 3 4 6

11 1 1 1 17

2 01 0 11
:'-I'E_z

3 o 0 1 0 1

4 o0 0 0 1 0

60 0 0 O 1 -




Example

Let A={1,2,3,4,6}=B,aRbifand only if a is a multiple of b. Find R and draw

the digraph of R. Find Matrix of R.

Solution:
R={(1, 1), (2, 1), (2, 2), (3, 1), (3, 3), (4,1), (4, 2), (4, 4), (6, 1), (6, 2), (6, 3), (6, 6)}

2 3 4 6

I-1 000 0=
2l 11 0 0 0
Mp=3| 1 01 0 0
4111 01 0
sL1 1 1 01 4




Problems
1. Draw the graphical representation of relation ’ less than ‘ on
{1121314 }
R={(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)}
2.A={2,3,4,5},

R=1{(2,3),(3,2),(3,4),(3,5),(4,3),(4,4),(4,5)}
Draw Digraph

—>Domain, Range of Relation R
Ex:A={a,b,c,d},B={1,2,3}
R={(a,1),(a,2),(b,1),(c,2),(d, 1)}
Dom(R)={a,b,c,d}

Ran(R)={1, 2}




Problems
1. LetA={1,2,3,4,8}=Bonlyifa=bh.
Find the relation R ,draw digraph and also write M_
2. LetA={1,2,3,4,8}=8B
a R b iff aiis a multiple of b
aRbiffa+b<=9
Find the relation R ,draw digraph and also write Mg

3.LetA={13,5,7,9},B={2,4,6,8};aRbiffb<a



PATHS

R={(1,2),02,3),(2,4),(3,3) }isarelationon A={1,2,3,4}
R 1 =R = {(112))(213))(214)) (3/3)} o

R 2={(1,3), (1,4), (2,3), (3,3)}

1R23 Since 1R2and 2R3 (2)—(a)
1R%?4Sincel1R2and2R4 ...

R*={(1,3),(2,3),(3,3)}
R*={(1,3),(2,3),(3,3)}



Paths in Relations and Digraphs

LetA={1,2,3,4,5 6}.LetRbe 1rZ2 S&ince 1R2 and 2R 2
1RZ4 Simce 1R2 and 2R 4
1RZ5 Simce 1R2 and 2R 5
shown in Fig. 9r%g Since 2R2 and 2R2
2R24 Since 2R2 and 2R 4
2RZ5 Since 2R2 and 2R5
relation RZ. 5pZ§ Since 2R5 and  5RE

the relation whose digraph is

Find R2 and draw digraph of the

Q 13plis Since SR 4 and 5R3

G\ e @ 41 RZ 6 Since 4R 5 and aR6
J AN




Paths in Relations and Digraphs

Let A = {a, b, c,d, e} aR?a Since aRa and aRa
and  R={@a a),(ab), (b =FP° T Es el 2EE
2 BE ¢ Since aRb and bRc
c), (c, e), (c, d), (d, e)}
L Rie Since bREc and cRe
‘N T2 72
Compute (1) B (n) Reo bR*d SBince bRc and cRd

cBZe Since cRd and dRe




PROBLEMS

1. LetA={1,2,3,4,5}andR berelation definedbyaRDb
iff a < b compute R, R 2, R 3 Draw digraph of R, R? and R?

R=(1,2),(1,3),(1,4),(1,5),(2,3),(2,4),(2,5),
(3,4),(3,5),(4,5)}

R2={(1,3),(1,4),(1,5),(2,4),(2,5), (3,5)}

RP={(1,4),(1,5),(2,5)}

2.ConsiderR={(1,1),(2,1),(3,2),(4,3)}

Compute R2R3R*

3.LetA={a,b,c,d,e},R={(a,a),(a,b),(b,c),(c,e),
(c,d),(d,e)}

Draw digraph of R, My, Compute R ~



Properties/Types of Relations

— Reflexive

— Symmetric

— Transitive

— Antisymmetric

— Asymmetric



Properties: Reflexivity

* In arelation on a set, if all ordered pairs (a,a) for every acA
appears in the relation, R is called reflexive

 Definition: A relation R on a set A is called reflexive iff

VaeA (a,a)eR
—Eg:A={1,2,3},
R={(1,1),(2,2),(3,3)}
— Irreflexive ?
Assume the relationRon A={1, 2, 3,4 }Is R1/R2 irreflexive?

R1={(1,2),(1,3),(1,4),(2,1),(2,3),(2,4),(3,1)
,(3,2),(3,4),(4,1),(4,2),(4,3)}

R2={(1,2),(2,2),(3,3)}




Properties: Symmetry

 Definitions:
— A relation R on a set A is called symmetric if
whenever aRb andbRa ie

Va,beA ((b,a)eR < (a,b)eR)
Egl1:A={1, 2, 3}, IsRsymmetric ?
R={(1,2),(2,1),(2,3),(3,2),(1,1))}
Eg2 :A={1,2,3,4},IsRsymmetric?

R={(1,2),(1,3),(1,4),(2,1),(2,3),(2,4),
(3,1),(3,2),(3,4),(4,1),(4,2),(4,3)}




Asymmetric relation: Asymmetric relation is opposite of symmetric

relation.

A relation R on a set A is called asymmetric if no (b,a) € R when (a,b) € R

AntiSymmetric Relation: A relation R on a set A is called antisymmetric if

(a,b)€ R and (b,a) € Rif a =bis called antisymmetric.i.e.
UNLESS there exists (a,b)ER and(b,a)ER,ANDa#b
Eg:A={1,2,3,4}andR={(1,2),(2,2),(3,3)}

Is R anti-symmetric?

Answer: Yes. It is anti-symmetric as 2,1 is not there



Symmetry versus Antisymmetry

In @ symmetric relation aRb < bRa

In an antisymmetric relation, if we have aRb and bRa hold
only when a=b

An antisymmetric relation is not necessarily a reflexive
relation

A relation that is not symmetric is not necessarily asymmetric

An anti-symmetric relation is a binary relation where the
following two conditions are met:

1) If A'is related to B, then B cannot be related to A.
2) If A is not related to B, then B cannot be related to A.

In Maths, we can conclude that a binary relation on a set is
called as antisymmetric if there is no pair of distinct elements.



Properties: Transitivity

* Definition: A relation R on a set A is called
transitive if whenever (a,b)eR and (b,c)eR
then (a,c)eR for all a,b,c € A

Va,b,ce A((aRb)A(bRc))=aRc
Example
R={(1,2),(2,3),(1,3)} onset
A={1,2,3}istransitive.




Special cases

1) LetA={1,2,3,4}
R={(1,2),(1,3),(4,2)}
Is R transitive?

YES

2)R={}
3)A relation that is symmetric and anti-symmetric
R=1{(1,1),(2,2)} on the set A ={1,2,3}



Properties of Relations

State whether R satisfies property of reflexive , irreflexive ,
symmetry, asymmetry, antisymmetry, transitivity for

A={1,2,3,4}
1. R={(1,1),(1,2),(2,1),(2,2),(3,3),(4,3),(3,4),(4,4)}R,S,T,
2. R=1{(1,3),(1,1),(3,1),(1,2),(3,3),(4,4)}
3. R={(1,1),(1,2),(2,1),(2,2),(3,3),(3,4)}
4. R={(1,3),(1,4),(2,3),(2,4),(3,1),(3,4)}

5. R={(1,1),(2,2),(3,3),(4,4)}



EQUIVALENCE RELATION

A relation is an Equivalence Relation if it is
REFLEXIVE, SYMMETRIC, AND TRANSITIVE.

LetA={a,b,c}and

R={(a,a), (b, b),(b,c)(c,b)(c,c)}
IS an equivalence relation since itis
REFLEXIVE, SYMMETRIC, & TRANSITIVE.




Determine whether R is an Equivalence relation

1)R={(1,1),(2,2),(3,3),(1,2),(2,1),
(2,3),(3,2),(1,3),(3,1)}
onsetA={1,2,3}

2)A={1,2,3,4},R={(1,1),(1,2),(2,1),
(2,2),(3,4),(4,3),(3,3),(4,4)}

3) LetA={a,b,c,d}
R={(a,a),(b,a),(b,b),(c,c),(d,d),
(d,c) }



Equivalence Class and Partitions
e letA={1,2,3,4} and consider the partition
P={{1,2,3},{4}} of A.

Find the equivalence relation R on A determined by P

“'Each element in a block is related to every other element

in the same block and only to those elements “

R=1(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3),(4,4)}



Problems

Find the equivalence relation on A by P and construct its digraph

1) LetA={a,b,c,d}andP={{a,b},{c},{d}}

2) Let A={1,2,3,4,5}and P={{ 1,2 },{3 },{4, 5}}

R={(1,1),(1,2),(2,1),(2,2),(3,3),(4,4),(4,5),(5,4),(5,5)}

3) If {{1,3,5},{2,4}} is a partition on the set A={1,2,3,4,5},determine
the corresponding equivalence relation

R={(1,1),(3,3),(5,5),(1,3),(1,5),(3,5),(3,1),(5,1),(5,3).(2,2),(4,4),(2,4),(
4,2)}



EQUIVALENCE CLASS

Let A ={1,2,3,4,5,6} and let R be the equivalence relation
on A defined by
R={(1,1),(1,5),(2,2),(2,3),(2,6),(3,2),(3,3),(3,6),(4,4),(5,1)

(5,5),(6,2),(6,3),(6,6)}

Find the equivalence classes of R and find the partition of

A induced by R



R={(1,1),(1,5),(2,2),(2,3),(2,6),(3,2),(3,3)
/(3,6),(4,4),(5,1),(5,5),(6,2),(6,3),(6,6)}

Equivalence Classes:

R(1)={1,5} R(2)={2,3,6}
R(3)=12,3,6} R(4)=14}
R(5)={1,5} R(6)={2,3,6}

Therefore, the partition of A induced by R i.e
A|R={{1,5},{2,3,6},{4}}

Rank R (Number of distinct equivalence classes)
=3



Problems
1. Let A={1,2,3} and let R={(1,1),(2,2),(1,3),(3,1),(3,3)}.
Find A|R.
2. Let A={1,2,3,4},and let
R={(1,1),(1,2),(2,1),(2,2),(3,4),(4,3),(3,3),(4,4)}
Determine A|R.
3. Let A={1,2,3,4},and let
R={(1,1),(1,2),(1,3),(2,1),(2,2),(3,1),(2,3),(3,2),(3,3),(4,4)}
Show that R is an equivalence relation and determine
the equivalence classes and hence find A|R and rank of

R



Combining Relations

Relations are simply... sets (of ordered pairs); subsets of the
Cartesian product of two sets

Therefore, in order to combine relations to create new
relations, it makes sense to use the usual set operations

— Compliment R
— Intersection (R,MR,)
— Union (R;UR,)
— Set difference (R,\R,)

— Inverse R 1



Example: LetA={1,2,3} andB={u,v}and

R1={(1,u), (2,u), (2,v), (3,u)}
and

R2={(1,v),(3,u),(3,v)}
R1UR2-=
{(1,u),(1,v),(2,u),(2,v),(3,u),(3,v)}
R1NR2-=

{(3,u)}

R1-R2=
{(1,u),(2,u),(2,v)}
R2—-R1-=
{(1,v),(3,v)}



A ={a,b,c d}and
R={(a, b), (b, c), (a, c), (c, d)} then
R™={(b, a), (c, b), (c, a), (d, c)}



letA={1,2,3,4}andB={a,b,c}andlet
R ={(1,a),(1,b),(2,b),(2,c),(3,b),(4,a)} and

5=1(1,b),(2,c),(3,b),(4,b)}

Compute RNnS,RUS,R"



Combining Relations: Example

* Let
— A={1,2,3,4}
— B={1,2,3,4}
- R={(1,2),(1,3),(1,4),(2,2),(3,4),(4,1),(4,2)}
- Ry={(1,1),(1,2),(1,3),(2,3)}
* Let
— RjUR,=
— R;NR,=
— R,_R,=
—R,_R;=



Composite of Relations

* Definition: Let R, be a relation from the set A to B
and R, be a relation from B to C, i.e.

R, < AxB and R,cBxC

the composite of R, and R, is the relation consisting
of ordered pairs (a,c) where a€A, ceC and for which
there exists an element beB such that (a,b)eR, and
(b,c)eR,. We denote the composite of R, and R, by

RZORl




Ex: LetA={1,2,3},B={0,1,2}andC={a, b}
R={(1,0), (1,2), (3,1),(3,2)}
5={(0,b),(1,a),(2,b)}

SoR="7

{(1,b),(3,a),(3,b)}

Since (1,0) e Rand (0,b) €S, ~ (1,b) ESoR

Since (1,2) e Rand (2,b) €S, . (1,b) ESoR

Since (3,1) e Rand (1,a) €S, ~ (3,a) ESoR

Since (3,2) e Rand (2,b) €S, «~ (3,b) ESoR



Problems

1. Let A={1,2,3}and let
R={(1,1),(1,3),(2,1),(2,2),(2,3),(3,2)} and
5={(1,1),(2,2),(2,3),(3,1),(3,3)}-

Find M g

SoR={(1,1),(1,3),(2,1),(2,2),(2,3),(3,2),(3,3)}

2. Let A={1,2,3,4}

R={(1,1),(1,2),(2,3),(2,4),(3,4),(4,1),(4,2)}
5={(3,1),(4,4),(2,3),(2,4),(1,1),(1,4)}

Compute SoR,RoS,RoR,S0S

SoR={(1,1),(1,3),(2,1),(2,4),(3,4),(4,1),(4,4),(1,4)}

RoS={(3,1),(3,2),(4,1),(4,2),(2,4),(2,1),(2,2),(1,1),(1,2)}

RoR

SoS



Warshall’s algorithm

Ex.1: Let A ={1,2,3,4}and let

R = {(1, 2), (2, 3), (3, 4), (2, 1)}.

Find transitive closure of R using
Warshall's algorithm.

Solution:
1 2 3 4
1 B o1 0 0O B
Wo = M= 2 1(0 1 0
3 oo 0 1
4 oo O 0O

First we find W, so thatk=1. W has 1's
in location 2 of column 1i.e. (2, 1) and
location 2 of row 1i.e. (1, 2)

i
p1:(2r 1)
i ]
ql:(lr 2)
add (p;, q) i.e. (2, 2) in W,

Thus W is just W, with a new 1 in
position (2, 2)

1 2 3 4
1_ of1]0 0O B
Wi= 2 1(1|1 O
3 ofo|j0 1
4 o(o(0o 0O




1_ o100 0O B
Wi= 2 1|11 0O

3 ofoj0 1

4 oo 0

Matrix W, has 1's at row 1 and 2 of
column 2 and columns 1, 2, and 3 of
row 2. i.e.

1 ] 1 ]
o (1,2) pz - (2 2)

1 ] 1 ] 11
ar o (2.1) az : (2.2) s - (2, 3)

-t = " A A Y N 14 'IJI
i.e. (11 1)1 (11 2)/ (11 3)/ (21 1)1 (212)
and (2, 3) of matrix W, (if 1's are not
already there).

1 2 3 4
1_111|::_
W= 2 1 1[1]|0

3 0 oflof1
4 0 oflofo
ij i

p1 - (1, 3) p: . (2,3
1]

q - (3.4
1 1 1 17
1111

Ws = 0001
— 0 0 0 0-

Finally, W5 has 1's in locations 1, 2, 3
of column 4 and no 1's in row 4, so
no new 1's are added and MR =W,
=W,.



~1 100 07
11000
Mg =| 00110
00110
L 0000 1_
100 0 0
01000
Mg =| 00100
00011
L 000 1 1_
~1 100 0]
11000
SoMz_s= MgVMg=| 0 0 1 10
00111
L0001 1.

We now compute Mg ), bY
Warshall’s algorithm. First, W = My
s - We next compute W, so k= 1.
Since W, has 1's in locations 1 and 2
of column 1 and in locations 1 and 2
of row 1, we find that no new 1's
must be adjoined to W, . Thus

1

Wy = 0lo 1 1 0

i j i j
ps - (1 1) p: © (2, 1)
1] 1]
g - (11 q - (1, 2)
To obtain W, we must put is in

positions (1, 1), (1, 2), (2, 1)
and (2, 2). We see that

111(0 0 0O

1/1(0 0 O




Thus W, =W,

We now compute W2, so k = 2.
Since W, has 1's in locations 1 and
2 . of column 2 and in locations 1
and 2 of row 2, we find that no new
1's must be added to W;. That is,

1 ] 1 ]
pr - (1,2 pz o (2, 2)
1] 1]

a - (2.1) a: - (2. 2)

To obtain W,, we must put is in positions
(1, 1), (1, 2), (2, 1), (2, 2). We see that

1 100 O
1 100 O

W, = 0 0j1]1 0O

Thus  W,=W,

We next compute W3, so k = 3. Since W,
has 1's in locations 3 and 4 of column 3
and in locations 3 and 4 of row 3, we find
that no new 1's must be added to W,. That

IS i ij

p; - (3, 3) p: - (4, 3)
1] 1]
a; - (3.3 q: - (3. 4)

To obtain W3, we must put 1's in position
(3, 3), (3, 4), (4, 3), (4, 4). We see that




Thus W,=W,

Things change when we now compute WA4.
Since W3 has I's in locations 3, 4, and 5 of
column 4 and in locations 3, 4 and 5 of
column 4, and in locations 3, 4 and 5 of
row 4 we must add new 1's to W3 in
positions 3, 5, and 5, 3, i.e.

You may verify that W; =W,
and thus

(Rv S)*={(1, 1), (1, 2), (2,
1), (2,2), (3,3), (3, 4), (3, 5),

i i i 4, 3), (4, 4), 4,5), (5, 3),
pp - (3.4 p 49 ps o (5.4 (5, 4), (5, 5)}

i j i j i
1 > (4, 3) qz . (4, 4) qz - (4, 5)

To obtain W4, we must put 1's in positions
(3,3),(3,4),(3,5), (4, 3), (4, 4), (4,5), (5,
3), (5,4), (5,5). We see that,

— 110 0 07
11000
W,=| 00111
00111
L0011 14



Transitive Closure and Warshall’s
Algorithm



Ones reflect the existence of paths

with no intermediate vertices

(R i5 just the adjacency matrix);

boxed row and column are used for gatting RO,

R0l =

a 0 oo
-0 OO

Ones reflect the existence of paths

with intermediate vertices numbered

not higher than 1, i.e., just vertex a

inote a new path from d'to B;

boxed row and column are used for gatting ARG

|

/il =

- Qla|la W

(= T 5 T = = ¥

L

Cnas raflect tha axistance of paths

with intermadiate vertices numberad

not higher than 2, .., aand b

(note two new paths);

boxed row and column are used for getting RS,

ooOn —=Ooaan =000 o

A2 =

ol = o |a alal=l0r o6 al=lo
alol= waa ool=loa oo =loa

Qo oo
=00 O o

BE






00 0

— — = A
_— e e
— — il
= _“__
I Y
— Sl oS
e
—_— - O
_I _— 0 _..U_ — — — 1
— —_— =] _] _— — _“u_
= e =
| ]
|
I e
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Compute the Warshall’s Algorithm transitive closure
of

* R={(a,b),(b,c),(c,d),(b,a)} on set A={a,b,c,d}
R, ={(a, a), (a, b), (a, ¢), (a, d), (2, a), (2, b), (2, ¢), (2, d), (3, d)}.

* R={(1,1),(1,2),(1,4),(2,2),(2,3),(3,1),(3,4),(4,1),(4,4)}
on the set A={1,2,3,4}

R={(1L1), (1,2, 21, 22,061 62, @41, 4?2),(3)



Computer transitive closure using Warshall’s
algorithm where A={a,,a,,a;,a,,a:} and R be a
relation on A whose matrix is

M.=W,= /710010
01000
00011
10000
\01001/
Answer: 10010




