Discrete Mathematical Structures

e Discrete Mathematics is a branch of mathematics that is
concerned with “discrete” mathematical structures instead of

“continuous”.

* Discrete mathematical structures include objects with distinct
values like graphs, integers, logic-based statements, set

theory, recurrence relation, group theory, and graph theory.



Everyday applications of discrete mathematics

Computers run software and store files. The
software and files are both stored as huge strings
of 1s and Os. Binary math is discrete mathematics.

Scheduling problems---like deciding which nurses
should work which shifts, or which airline pilots
should be flying which routes, or scheduling rooms
for an event, or deciding timeslots for committee
meetings, or which chemicals can be stored in
which parts of a warehouse---are solved either
using graph coloring or using combinatorial
optimization, both parts of discrete mathematics.
One example is scheduling games for a
professional sports league.

Networks are, at base, discrete structures. The
routers that run the internet are connected by long
cables. People are connected to each other by
social media ("following” on Twitter, “friending” on
Facebook, etc.). The US highway system connects
cities with roads.

An analog clock has gears inside, and the
sizes/teeth needed for correct timekeeping are
determined using discrete math.

Encryption and decryption are part of
cryptography. which is part of discrete
mathematics. For example, secure internet
shopping uses public-key cryptography.

Doing web searches in multiple languages at once,
and returning a summary, uses linear algebra.

Google Maps uses discrete mathematics to
determine fastest driving routes and times. There
is a simpler version that works with small maps and
technicalities involved in adapting to large maps.

Wiring a computer network using the least
amount of cable is a minimum-weight spanning
tree problem.

Area codes: How do we know when we need more
area codes to cover the phone numbersin a
region? This is a basic combinataorics problem.

Designing password criteriais a counting problem:
Is the space of passwords chosen large enough
that a hacker can't break into accounts just by
trying all the possibilities? How long do passwords
need to be in order to resist such attacks? (find out
here!)
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Course prerequisites
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Course Objectives
The objective of this course 1s to enable students to think logically and mathematically. It

will help them to solve the problems with mathematical reasoning. algorithmic thinking.
and modeling.

Course Outcomes
At the end of successful completion of the course the student will be able to

CO1: Use various mathematical notations. apply various proof techniques to solve real
world problems

CO2: Learn and apply core ideas of Set Theory, Relations & Functions
CO3: Use graphs and their types. to solve the practical examples

CO4: Understand the use of Algebraic Structures and lattice. to solve the problems
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No. Unit No. Details of Topic Hrs. | CO
1 Set Theory 03 |COl1
11 Sets. Vejnn diagrams. Operations on Sets
1.2 Laws of set theory, Power set and Products
1.3 Partitions of sets, The Principle of Inclusion and Exclusion
2 Logic 04 |COl1
21 Propositions and logical operations, Truth tables
2.2 Equivalence, Implications
2.3 Laws of logic, Normal Forms
24 Predicates and Quantifiers
2.5 Mathematical Induction
3 Relations, Digraphs 09 | CO2
3.1 Relations, Paths and Digraphs
3.2 Properties and types of binary relations
3.3 Manipulation of relations. Closures, Warshall s algorithm
34 Equivalence relations
4 Posets and Larttice 0e | CO12
4.1 Partial ordered relations (Posets) .Hasse diagram
4.2 Lattice, sublattice
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] Functions and Pigeon Hole Principle 03 | CO3
3.1 Definition and types of funchions: Ijjective, Surjective and
Bijective
5.2 Composition, Identity and Inverse
5.3 Pigeon-hole pninciple, Extended Pigeon-hole pninciple
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6.1 Definitions, Paths and circnits, Types of Graphs | Eulerian and

Hamultonian
6.2 Planer graphs
0.3 Isomorphism of graphs
0.4 Subgraph

Algebraic Structures 13 (CO4
7.1 Algebraic structures with one binary operation: semigroup,

monoids and groups
7.2 Cyclic groups, Normal subgroups,
7.3 Hamming Code Minimum Distance
74 Group codes .encoding-decoding techniques




7.

L I ]

Parity check Matnx Maximum Likelihood
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Matrices, Linear Congruence, Ring .G Fields
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SET THEORY

* 1.1 Sets, Venn diagrams, Operations on Sets

e 1.2 Laws of set theory, Power set and
Products

e 1.3 Partitions of sets, The Principle of
Inclusion and Exclusion



SET THEORY

SETS
NOTATION
SPECIAL SETS

DEFINITION

— SUBSET

— EQUAL SETS

— PROPER SUBSET

— UNIVERSAL SET

— NULL/EMPTY SET

— SINGLETON SET

— SUPER SET

— FINITE /INFINITE SET
— DISJOINT SET

— CARDINALITY OF FINITE SET

SET PROPERTIES
VENN DIAGRAMS
SET OPERATIONS
LAWS OF SET THEORY
PARTITION OF SETS
POWER SET



SETS

A set is an unordered collection of objects.

— the students in this class

— the chairs in this room

The objects in a set are called the elements, or members of

the set.

— A set is said to contain its elements.
The notation a € 4 denotes that ais an element of the set A.

If ais not a member of A4, write a€& A



Describing a Set: Roster Method

S={abcd}
Order not important
S={abcd}={bcad}

Each distinct object is either a member or not; listing more than once does
not change the set.
S={abcd={abcbcd]

Elipses (...) may be used to describe a set without listing all of the

members when the pattern is clear.



Roster Method

Set of all vowels in the English alphabet:
V={a,e,o,u}
Set of all odd positive integers less than 10:
0=1{1,3,5,7,9}
Set of all positive integers less than 100:
S=1{1,2,3,....... ,99}
Set of all integers less than 0:

S=1{.,-3,-2,-1}



Some Important Sets

N = natural numbers = {0,1,2,3....}
Z = integers ={...,-3,-2,-1,0,1,2,3,...}
Z" = positive integers = {1,2,3,.....}
R = set of real numbers

R* = set of positive real numbers

C = set of complex numbers.

Q = set of rational numbers



SET-BUILDER Notation

e Specify the property or properties that all
members must satisfy:

S={x | xis a positive integer less than 100}
O = {x | x is an odd positive integer less than 10}
* A predicate may be used: S ={x| P(x)}

* Example: S ={x | Prime(x)}



Universal Set and Empty Set

The universal set U is the set containing everything currently

under consideration.
— Sometimes implicit/explicit/Contents depend on the context.
Empty set is the set with no elements. Symbolized @, but { }

also used , but {9}77?

“A null set is a subset of every set “



Some things to remember

 Sets can be elements of sets.
{{1,2,3},a {b,c}}
{NZQR}

* The empty set is different from a set
containing the empty set.

O +{0}



Set Equality

Definition: Two sets are equal if and only if they have
the same elements.

— Therefore if A and B are sets, then A and B are equal if and

only if AES B andB S A then A=B

— We write A = B if A and B are equal sets.
(1,35} = {3, 5, 1}
{1,5,5,5,3,3,1} = {1,3,5}



Subsets

Definition: The set A is a subset of B, if and only if

every element of A is also an element of B.

— The notation A € B is used to indicate that Ais a

subset of the set B.
Eg: If A={1,2,3}, B={1,2,3,4,5}, C=(3,2,1}
— .¢_ - not a subset

“Every set is a subset of itself”



Proper Subsets

Definition: If A € B, but A #B, then we say A is a
proper subset of B, denoted by A C B.

A={xy}, B={xy .z}
thenisAcB ?

A= {1,3}

B={1,2,3}

C={1,3,2}

AcC?,6 Bc(C?



Set Cardinality

Definition: The cardinality of a finite set A, denoted
by |A]|, is the number of (distinct) elements of A.

Examples:
8] =0

Let S be the letters of the English alphabet. Then
S| =26

{1,2,3}| =3
{9} =1
The set of integers is infinite.




SUPERSET

e |f Ais the subset of B then B is the SUPERSET
of A

DISJOINT SET

* Two sets are said to be disjoint if they have no
elements in common



SET PROPERTIES

Every Set A is a subset of the Universal set U
dc Ac U
Every set A is a subset of itself
AC A
Transitivity
AC B,BC C,thenACcS C

If AC B and B € A then A=B; converse also
holds true



Venn Diagrams & Set Operations



Union

* Definition: Let A and B be sets. The union of the sets A and B,
denoted byA U B, is the set:

{x|lr € AVz e B}

 Example: Whatis {1,2,3} U {3,4,5}?

SO|UtI0n {1;2;3;415} Venn Diagram forAUR

U




Intersection

Definition: The intersection of sets A and B,
denoted by ANB, is
{x|lr € ANz € B}

— Note if the intersection is empty, then A and B are said to be disjoint.
Example: What is? {1,2,3} n {3,4,5}?

Solution: {3}
Example:What is?

{1,2,3} N {4,5,6}? Venn Diagram for A NB

U

Solution: @ or { }




Complement

Definition: If A is a set, then the complement of the A (with

respect to U), denoted by A is theset U - A
A={xeU|x¢A}

(The complement of A is sometimes denoted by A°.)

Example: If U is the positive integers less than 100, what is the complement of {x | x > 70}

Solution: {x | x < 70}

Venn Diagram for Complement




Difference

* Definition: Let A and B be sets. The difference of A and B,

denoted byA - B, is the set containing the elements of A
that are not in B.

A-B={x|x€EAAx¢&B}

A={a,b,c} B={b,c,d,e} A—-B="7

[ OB

U Venn Diagram for 4— B




Symmetric Difference

Definition: The symmetric difference of A and B,
denoted byA D B is the set

(A—B)U(B - A)
Example:

U=1{0,1,2,3,4,5,6,7,8,9,10}
A=1{12345} B={456,78)

What is A & B:
— Solution: {1,2,3,6,7,8}

Venn Diagram



Cartesian Product

Definition: The Cartesian Product of two sets A and B,
denoted by A X B is the set of ordered pairs (a,b) where
a €A and b € B (first element from A and second element
from B)

Example: A x B ={(a,b)la € ANb € B}
A={a,b} B={1,2,3}

A X B={(a,1),(a,2),(a,3), (b,1),(b,2),(b,3)}



Review Questions

Example: U ={0,1,2,3,4,5,6,7,8,9,10} A={1,2,3,4,5}, B={4,5,6,7,8}
1. AUB
Solution: {1,2,3,4,5,6,7,8}
2. ANB
Solution: {4,5}
3. A
Solution: {0,6,7,8,9,10}
4. B
Solution: {0,1,2,3,9,10}
5. A-B
Solution: {1,2,3}
6. B-A
Solution: {6,7,8}



PROBLEMS/ EXERCISE TO SOLVE

Consider U={1,2,3,4,5,6,7,8,9}
A={1,2,4,6,8}
B={2,4,5,9}
C={x|x is a positive integer and x?<=16)
D= {7,8}
Compute following:



O 0 N O U W E

T = Y
ol B A S

AUB
AUC
AUD
BUC
AND
BNC
CnD

B-A
C-D

ADPB
Ce@D
An(C'UD)
(AUB)ND



LAWS OF SET THEORY

e Commutative laws
AUB=BUA ANB=BnNA

e Associative laws

Au(Bul)=(AuB)uC
AN(BNC)=(AnB)NnC

* Distributive laws
AN(BUC)=(ANnB)U(ANC)
AUu(BNC)=(AUuB)N(AUC)



LAWS OF SET THEORY

* |dentity laws
AU =A ANU = A

* Properties of Empty set
AuU=U ANnO=10

* |dempotent laws
AUA=A ANA=A

e Complement law

(A) = A



LAWS OF SET THEORY

* De Morgan’s laws

AuUB=ANB AnB=AUB
* Absorption laws
AUANB)=A An(AuB)=A
* Properties of complement law



LAWS OF SET THEORY

Double Complement A=A
Properties of Universal Set AU U=U

AN U=A
Properties of Empty Set AU{}=A
An{i={}

* PROOF IS LEFT AS AN EXERCISE TO STUDENT



Membership Table

Example: Construct a membership table to show that the distributive law

Lo PTAU(BNC)=(AUB)N(AUC)
lll-_-_

1 1 1 1 1
1100 1 1 1 1
1010 1 1 1 1
1 000 1 1 1 1
0111 1 1 1 1
0100 0 1 0 0
0010 0 0 1 0
0O 00O 0 0 0 0



Ex. : Show that (using laws of logic)
(a) AU (ASN B)=A UB.
(b) A n (AU B) = A n B.

Mote : A means complement of A This is another
notation.

(=) ILHS = AulA®M B)
= (Au A N(AuB) __ Distributive law

= u N (A uB) ... Complement laws
= AuUbB
Hence AU (A°NB) = AuB
(b) AN(AuB) = ANB

LHS = An(A°uB)
= (ANA%u AN B
- IDistributive law
= ¢ u (AN B)
...Complement law
= AMNB
Hence AMN(ASUB) = ANB



THEOREMS

*PRINCIPLE OF INCLUSION EXCLUSION*
JAUB|=|A| +| B| = |An Bj

MUTUAL INCLUSION EXCLUSION PRINCIPLE

JAUBUC|=|A|+|B|+|C]|-|ANB]

-|BNnC|-|]ANnC|+|ANnBNC|




PROBLEMS/ EXERCISE TO SOLVE

A company must hire 25 programmers to handle
programming jobs & 40 programmers for application

programming job of which 10 will be expected to do

both kinds of roles. How many programmers must be

hired?



A computer company must hire 25 programmers to
handle system programming jobs and 40
programmers for application programming of those
hired 10 will be expected to perform jobs of both
types. How many programmers must be hired ?

Soln. : Let, A be the set of svstem programmers hired.
B be the set of applhecations programmers hired.

Wewanttofind |Au DB |
We have, |A| = 25,
|B| = 40

Using the Principle of Inclusion and Exclusion,

lAuB| = |A|+|B|-|ANDB|
= 25+ 40-10 = 55
AUB =55
¥

A B




A sample of 80 people have revealed that 24 like cinema and 62 like television
programmes. Find the number of people who like both cinema and television
programmes.

Ans: Let A = Set of people who like cinema
B = Set of people who like television programs
Then, we have

| A =24, | B |=62.
Using principle of Inclusion and Exclusion AUB =80
| AUB|=|A|+|B|-|ANB| A B
We obtain

80 =24+62-|ANnB|

Therefore,
| ANB| =6

Thus 6 people like both cinema and television programmes.



PROBLEMS/ EXERCISE TO SOLVE

In a survey of 260 college students , the following data were
obtained:

64 had taken a maths course

94 had taken a CS course

58 had taken a Business course

28 had taken both M and B course

26 had taken both M and CS course

22 had taken both CS and B course

14 had taken all three types of courses.

(i) How many students surveyed who had taken none of the
three types of courses?

(ii)Of the students surveyed how many had taken only CS
course?

VENN DIAGRAM?



In a survey of 260 college students, the following data were obtained.

64 had taken a Mathematics course.

94 had taken a computer science course.

58 had taken a business course.

28 had taken both mathematics and business course.

26 had taken both a mathematics and computer science course.

22 had taken both a computer science and Business course.

14 had taken all three types of courses.
(i)How many students were surveyed who had taken none of the three types of courses ?
(ii))Of the students surveyed, how many had taken only a computer science course ?

Ans: Let A be the set of students taken Mathematics course.
B be the set of students taken Computer Science course.
C be the set of students taken Business course.

We have| A |=64, | B| = 94, | C| = 58,

| AnC | =28, taken mathematics and business course

| AN B | =26, taken mathematics and computer science course

| BN C | =22, taken computer science and business course

| An B NC | =14, taken mathematics, computer science and business course

VENN DIAGRAM ?.



(i) Using Principle of Inclusion and Exclusion
| AUBUC|=|]A|+|B|+|C|-]AnB|-|BNnC|-]ANC|

+|AnBNC|
=64 +94 +58-28-26—-22+14
=154
Students who have not taken either of subjects,
ausuc, =| U|-|]AUBUC|

=260 - 154 = 106
Thus 106 students had taken none of the three types of course.

(ii)Students who have taken only computer science course
=|B|-|BNnA|-|BNnC|+|AnBnNC|
=94-26-22+14=60

60 students had taken only computer science course.

60
B

(2
(3

&




Ex.5: Inasurvey of 60 people, it was found that 25 read Newsweek magazine, 26 read
Time and 26 read Fortune. Also 9 read both Newsweek and Fortune, 11 read both
Newsweek and Time, 8 read both Time and Fortune, 8 read no magazine at all.

(a)Find the number of people who read all three magazines.

(b)Fill in the correct number of people in each of eight regions of Venn diagram.

Here N, T and F denote the set of people who read Newsweek, Time and Fortune
respectively.

(c)Determine the number of people who read exactly one magazine.

Ans: | N |=25, |T| = 26,|F]| 26,
And |[NNT|=11, INNF|=9, |TnF| = 8.
8 read no magazine at all.

| NUTUF |=60—-8 = 52

By the principle of inclusion and exclusion we have,
INUTUF [=|N| +|T|+|[F|=INNT|=|TNF|-INNF|]+ [NNTnNF]|

52=25+26+26-11-9-8+ | NNTnNF|
|NNTNF|=3
Hence, 3 people read all three magazines.

VENN DIAGRAM ?



(b)To draw Venn Diagram,
3 read all three magazines

INNT|-=|NNTnNF|=11-3 = 8 read Newsweek
and Time but not all three magazines.

INNF|—-|INNTNF|=9-3=6read Newsweek
and Fortune but not all three magazines.

|LT NF|=|NNTNF|=8-3=5read Time and
ortune but not all three magazines.

IN|=INNT|=|INNF|+|NNTNnF|=
25-11-9+3 =8 read only Newsweek
IT|=|TNF|=|NNT|+|NNTNF|=
26—-8-11+3 = 10 read only Time
[F|=|TNF|=|INNF|+|NNTNF|=
26—-8—-9+3 = 12 read only Fortune

(c)People who read only one magazineis 8 + 10 + 12

30







PROBLEMS/ EXERCISE TO SOLVE

Suppose that 100 of 120 students at a college take at least
one of the languages French , German and Russian . Also
suppose

65 study French

20 study French and German

45 study German

25 study French and Russian

42 study Russian

15 study German and Russian

(i) How many students study all three languages ?

(ii)Fill in the correct regions in Venn Diagram

(iii)Hence find out the number of students ‘k” who study
* Exactly 1 language *Exactly 2 languages



Ex. 6

Suppose that 100 of the 120 mathematics students
at a college take at least one of the languages
French, German and Russian. Also suppose 65 study
French,

20 study French and German,
45 study German,
25 study French and Russian,

42 study Russian,
15 study German and Russian,

(3) Find the number of students who study all
three languages.

(k) Fill inthe correct number of students in each of
the eight regions of Venn diagram,

Here F, G and R denote the sets of students
studying French, German and Russian respectively.

(c) Determine the number k of students who study
(i) exactly one language
(i} exactly two languages

(a) Sinece 100 of the students study at least one of
languages.

| FUGUR| = 100
Agam, from given data
|F| = 65 |G| =45
|R| =42 |[FnG| =20
|FnR| =25 |IGNR| =15

Usmng formula of nclusion and exclusion, we have

|[FUGUR|[ = [F[+[G[+|R|
-|FnG[-[FNnE]|
_|GNAR|+|FAGAR|
100 = 65+45+42-20-25- 15
+|FAGNAR]
IFAGAR = 8

Eight students study all three languages.



(b) Using the above result, we draw the Venn Diagram
& study all three languages
| FNG| - |FnGnR| = 20-8 = 12
study French and German but not Russian.
| FNnR| - |FnGnR|=25-8 =17
study French and Russian but not German.
| GNR| - |FNnGnR|=15-8 =17
study German and Russian but not French
|F|-[FAG|-[FNR]|
+|FANGNR|
65-20-25+8=128

Only French

o 28 student study only French language
|G[-[GNER|-|FNG]
+|FANGNR|
45-15-20+8=18

Only German

15 students study only German language.

IR|-|FNR|-|GNR]|
+|FNGNR]
49-95-15+8=10

Only  Russian

10 students study only Russian language.
- Ul -|FUGUR|
120-100
20

do not study any of the languages.

(o
e\

-

(¢} From Venn diagram
(i k = 28+ 18+ 10 = 56

Thus 56 mathematics students study exactly one
language.
(i) E=12+17+7 = 36
Thus 36 mathematics students study exactly two
languages.

20




PROBLEMS/ EXERCISE TO SOLVE

1) How many integers between 1 and 60 are not divisible by

2,not by 3,nor by 5?

2) How many integers between 1 and 300 are divisible by 3,5, or

7 and are not divisible by 3 nor5nor 7 ?

3) Determine number of integers between 1 & 1000 that are

divisible and not divisible by 2,3 &5°7?



Ex. 6 :Find how many integers between 1 and
60 are not divisible by 2 nor by 3 and nor by 5

0
? A Ac| = | — | =
. (Aol As| ‘3}:5 4
Soln. : Let A;, A and Az be the set of integers between &0
L _ _ and |AiMAz(MAs| = ‘ = | =
1 and 60 divisible by 2, 3 and 5 respectively. Z2xdxd
A = 60 _ 10 Number of mtegers hetween 1 and 60 which are
Al =15 | = divisible by 2, 3 or 5 are
ED — . = 0 1
&)= |5 | =20 | A1 U A2 U As|
0 = [Adl+[Ag|+] As| - A1) Ag|
[ = |5 | =12 —|A1 N As|—| Az N As|+| A1 N Az N As|
60 = 30+20+12-10-6-4+2=44
and |AiN Az| = 2% 3 =10
&0 Hence the number of integers between 1 and 60
[ALlT As| = - | =6 _
2%0 are not divisible by 2, 3or 5=60-44=16




Ex.7:

Among the integers 1 and 300, how

many of them are divisible by 3, 5 or 7 and are
not divisible by 3, nor by 5, nor by 7? How

many of them are divisible by ‘3’ but not by ‘5

nor by 7' ?

Soln. :

’

Let A; denote the set of ntegers between 1 and

300 divisible by 3. Similarly Az and As
be the sets of Integers divisible by 5 and 7

respectively.

= 100

= 60

= 42

MNumber of integers divisible by 3

300
Then |A:1| = 3
300
42l = |55
300
| As| = | =™
And | Ax M Az =
and 5
| Ar M As| =
| Az M As| =
And | Ay MAz M As| =

200
A= b

300
3=T
300
o=
300
B=bD=T

=2

Hence, using the prmeple of melusion and
exclusion, we have number of mtegers which are
divisible by 3ordor 7.
AjUAzUAs
Ai|+| Ag|+]As|- A1 Ay
—|A2 N As| - A1 N As|+]| A1 Az N As
100+60+42-20-14-8+2
= 162

+[ Ag| +

+

Hence, there are 162 numbers between 1 and 300
divisible by 3, 5 or 7.

- Number of integers which are not divisible by 3,
nor by 5, and nor by 7 =300 - 162 = 135,

Agam number of mtegers between 1 and 300 which

are divisible by 3 but not by 5, nor by
T= A1 - A M Az |- AT As [+ A M Az M As |=100-
20-14+2=68.






Power Sets

Definition: The set of all subsets of a set A,
denoted 2(A), is called the power set of A.

Example: If A ={a,b} then
2(A) = {g, {a},{b},{a,b}}

* |f a set has n elements, then the cardinality of

the power set is 2",



PROBLEMS/ EXERCISE TO SOLVE

1. Let A={1, 2,3 }.Determine the power set of A

1. LetA={a, b, c,d}. Determine the power set of A



Partition of Sets

* |If Ais a set, a partition of A is any set of non
empty subset A;,A,,A,..... Of A such that

ANA =0

ExampleA={a, b, c}

fori 7/j (subsets are mutually disjoint)

Verify whether {{a },{b, c}}is a partition of A or not



PROBLEMS/ EXERCISE TO SOLVE

1. S={1,2,3,4,5,6,7,8,9}.Determine whether each is a
partition or not
(i) {{1,3,5},{2,6},{4,8,9,}}
(ii) {{1,3,5},{2,4,6,8},{5,7,9}}
(iii) {{1,3,5},{2,4,6,8},{7,9}}
2. Let A={a,b,c,d,e,f,g,h }.Consider the following
subsets of A
Al={a,b,c,d} A3={a,c,e,g}
A2={a,c,e,g,h} Ad={b,d} A5={f h}

Determine whether following is a partition of A or not. Justify

(i) {A1,A2} (ii) {A1, A5} (iii) {A3,A4,A5}
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