A Quantile-Quantile (Q-Q) plot is a graphical tool used to assess if a dataset follows a
specified theoretical distribution, such as a normal distribution. It helps to visually compare
the quantiles of the data against the quantiles of the theoretical distribution. Here’s a detailed
explanation of the Q-Q plot:

Definition

A Q-Q plot is a scatter plot created by plotting the quantiles of a dataset against the quantiles
of a theoretical distribution. If the points in the Q-Q plot fall approximately along a straight
line (typically the 45-degree line), this suggests that the dataset follows the theoretical
distribution.

Key Components

1. Quantiles:
o A quantile is a value below which a certain percentage of data points fall. For
example, the median is the 0.5 quantile (or 50th percentile).
2. Theoretical Distribution:
o This could be any distribution (e.g., normal, exponential, uniform) against
which you want to compare your data.
3. Reference Line:
o The line of equality (45-degree line) represents where the quantiles of the
dataset would match the quantiles of the theoretical distribution if they were
identical.

How to Create a Q-Q Plot

1. Order the Data:
o Sort the dataset in ascending order.
2. Calculate the Quantiles:
o For each quantile g, compute the theoretical quantile Q(q) from the specified
distribution.
3. Plot the Points:
o On the x-axis, plot the theoretical quantiles.
o On the y-axis, plot the corresponding sample quantiles.
4. Interpret the Plot:
o If the points form a straight line, this indicates that the dataset is well-
represented by the theoretical distribution.
o Deviations from the line can indicate departures from the theoretical
distribution.



Example
Q-Q Plot for Normal Distribution

1. Data: Suppose you have the following dataset: [1.1, 2.3, 1.5, 2.2, 1.8, 2.5, 1.9, 2.1]
Theoretical Distribution: You want to check if this dataset follows a normal
distribution.

2. Calculate Quantiles:

o Order the data: [1.1, 1.5, 1.8, 1.9, 2.1, 2.2, 2.3, 2.5] Compute the theoretical
quantiles from a standard normal distribution.

3. Plot: Create a scatter plot of the ordered data quantiles against the theoretical normal
quantiles.

4. Interpretation: If the points closely follow the diagonal line, you can conclude that
your data is approximately normally distributed.

Applications
« Normality Tests: Commonly used to visually assess if data is normally distributed,
which is a common assumption in many statistical tests?
« Comparative Analysis: Useful for comparing distributions (e.g., checking if two
datasets come from the same distribution).
e Quality Control: In industrial applications, Q-Q plots can be used to check if product
characteristics conform to specified distributional requirements.
Example Dataset

Let’s consider the following dataset:

Data=[2.3,1.7,2.8,2.1,3.5,3.0,2.5,1.9,2.2,3.1]

Steps to Construct a Q-Q Plot

Step 1: Sort the Data Points

First, sort the dataset in ascending order:

Sorted Data=[1.7,1.9,2.1,2.2,2.3,2.5,2.8,3.0,3.1,3.5]
Step 2: Calculate the Quantiles

1. Sample Quantiles: To calculate the quantiles of the sorted data, we can use the
formula for the iii-th quantile in a dataset of size n:

Qi =Data[i] for i=1,2,...,n

e The rank of each sorted value corresponds to its position in the dataset. For example, for a
dataset of size n=10:

Q1=1.7,02=1.9,03=2.1,04=2.2,Q5=2.3,06=2.5,07=2.8,08=3.0,09=3.1,010=3.5



e Theoretical Quantiles: To compare against a standard normal distribution, we will find
the theoretical quantiles corresponding to the percentiles of the sorted data. Since we have 10
data points, the quantiles can be calculated as follows:

e Fori=1,2,....n:

pi=— fori=1,2,...,10
n

Thus:

p1=0.1
p2=0.2
p3=0.3
p4=0.4
p5=0.5
p6=0.6
p7=0.7
p8=0.8
p9=0.9
p10=1.0

Now, we find the corresponding quantiles from the standard normal distribution using a
z-table or statistical software. Here are the z-scores corresponding to these probabilities:

o Q0.1) ~ —1.2816

o Q(0.2) ~ —0.8416

e Q(0.3) =~ —0.5240

e Q(0.4) =~ —0.2533

o Q(0.5)=0

e (Q(0.6) = 0.2533

e Q(0.7) =~ 0.5240

o Q(0.8) = 0.8416

e (2(0.9) = 1.2816

o Q(1.0) ~ 3.0002
Step 3: Plot the Quantiles

Now that we have the quantiles of the sorted data and the corresponding theoretical quantiles,
we can create the Q-Q plot.

Sample Quantiles (Y-axis):

e [1.7,19,21,22,2.3,25,2.8,3.0,3.1,3.5]



e Theoretical Quantiles (X-axis):

[-1.2816,—0.8416,—0.5240,—0.2533,0,0.2533,0.5240,0.8416,1.2816,3.0902]

Visual Representation

1. Plot Points: On a Cartesian plane, plot each point (Qtheoretical, Qsample)
2. Add Reference Line: Draw a 45-degree reference line (y = x).

Interpretation

If the points closely follow the line: This suggests that the sample data follows a

normal distribution.
If the points deviate significantly from the line: This indicates that the sample does

not follow the normal distribution.



