The M/M/1 queuing model is one of the simplest and most fundamental models in queuing
theory. It represents a system with a single server where arrivals follow a Poisson process,
service times are exponentially distributed, and there is only one server. The M/M/1 model
is widely used to analyze the performance of systems like customer service desks, call
centers, and network routers.

Key Components of the M/M/1 Queuing Model:
1. M/M/1 Notation:
¢ The notation M/M/1 stands for;

* First M: The inter-arrival times between customers (or entities) follow

a Memoryless (Poisson) process with rate A.

e Second M: The service times follow an Exponential distribution with

rate j1, meaning they are memoryless as well.
® 1:There is 1server in the system.
2. Poisson Arrivals (M):

* The arrival of customers is modeled as a Poisson process with a rate A,

where A is the average number of arrivals per time unit.

¢ The inter-arrival times between customers are exponentially distributed

with a mean of 1/
3. Exponential Service Times (M):

® The service time for each customer is exponentially distributed with a
mean of 1/, where pi is the service rate (the average number of

customers that can be served per time unit).
4. Single Server (1):

¢ There is only one server available to serve customers. Customers are

served one at a time on a first-come, first-served (FCFS) basis.



5. Infinite Queue Capacity:

* The queue can accommodate an infinite number of customers, so there is

no limit to the number of customers that can wait in line.
6. Infinite Population:

* The potential number of customers that could arrive is infinite, meaning
the arrival process is not affected by the number of customers already in

the system.
7. System State:

* The system state is represented by the number of customers in the

system, including the one (if any) being served.

Performance Metrics of the M/M/1 Queuing Model:
1. Utilization Factor (p):
¢ The utilization factor is the fraction of time the server is busy. It is given
by:
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* For the system to be stable (i.e., the queue does not grow indefinitely),

the utilization must be less than 1 (p < 1).

2. Average Number of Customers in the System (L):

¢ The average number of customers in the system (both in the queue and

being served) is:

o B oo A
T 1=p w=i)

3. Average Number of Customers in the Queue (Lq):

L

® The average number of customers waiting in the queue (excluding the
one being served) is:
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4. Average Time a Customer Spends in the System (W):

¢ The average time a customer spends in the system (waiting in the queue
plus being served) is:
1
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® This is also known as the mean system time.

5. Average Time a Customer Spends in the Queue (Wq):

* The average time a customer spends waiting in the queue is:

p
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6. Probability of Having 72 Customers in the System (P,):

¢ The probability that there are exactly n customers in the system is:

P,=(1-p)p", forn>0

e P; = 1 — pis the probability that there are no customers in the system

(i.e., the server is idle).

Applications of the M/M/1 Queuing Model:
1. Telecommunications:

* Modeling the performance of a single-channel communication system,
such as a router handling data packets or a single telephone line in a call

center.
2. Customer Service:

® Analyzing the performance of service desks, checkout counters, or help
desks where customers arrive randomly, and there is only one service

agent.



3. Computer Networks:
* Modeling the performance of a single server in a network where requests
arrive randomly and are processed by the server one at a time.
4. Manufacturing:

* Assessing the efficiency of a single-machine workstation where jobs

arrive randomly and are processed one at a time.

Example of M/M/1 Queuing Model:

Consider a bank with a single teller. Customers arrive at the bank following a
Poisson process with an average rate of 10 customers per hour (A = 10). The
teller serves customers with an average service rate of 12 customers per hour (
u=12).

1. Utilization Factor:

10
— = ~0.833
P~ 12

The teller is busy 83.3% of the time.

2. Average Number of Customers in the System:

0.833  0.833
1-0.833 0.167

3. Average Time a Customer Spends in the System:

1 1 p
12-10 2 hours = 30 minutes

L= ~ b5 customers

W =

4. Average Number of Customers in the Queue:

10° 100
= L ~ 4.17 customers

L, =
T 12(12-10) 24

5. Average Time a Customer Spends in the Queue:

W, = W __310 ~ 0.417 hours = 25 minutes

12(12 - 10) 24



The M/M/1 queuing model provides a simple yet powerful tool for analyzing
systems with a single server and random arrivals and service times. It helps in
understanding key performance metrics such as average waiting time, queue
length, and system utilization, which are crucial for optimizing operations in

various service-oriented and technical environments.

The M/G/1 queuing model is a generalization of the M/M/1 model. It represents ¢
single-server queue where the arrival process follows a Poisson process (indicated
by "M"), the service time distribution is general (indicated by "G"), meaning it can

follow any probability distribution, and there is only one server (indicated by "1").

Key Components of the M/G/1 Queuing Model:
1. M (Markovian/Poisson Arrivals):

e The inter-arrival times between customers follow a Poisson process with
constant rate A. This means that the time between consecutive arrivals is

exponentially distributed.

2. G (General Service Time Distribution):

* The service times can follow any general distribution with a mean 1/
and variance a>. Unlike the M/M/1 model, which assumes exponentially
distributed service times, the M/G/1 model allows for more flexibility in
modeling different types of service time distributions (e.g., normal,

uniform, or even deterministic).
3. 1(Single Server):

® There is only one server available to serve the customers. Customers are

served one at a time on a first-come, first-served (FCFS) basis.

4. Infinite Queue Capacity:

¢ The queue can accommodate an infinite number of customers, so no

customer is turned away.



5. Infinite Population:

® The potential number of customers that could arrive is infinite, meaning

the arrival process is not affected by the number of customers already in
the system.

Performance Metrics of the M/G/1 Queuing Model:

While the generality of the service time distribution makes the M/G/1 model more

flexible, it also complicates the analysis. The key performance metrics include:

1. Utilization Factor (p):

® The utilization factor is the fraction of time the server is busy and is given
by:
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® The system is stable if p < 1.
2. Average Number of Customers in the System (L):

* The average number of customers in the system (including the one being

served and those waiting) can be computed using the Pollaczek-
Khinchine formula:
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where a2 is the variance of the service time distribution.

L=p+

3. Average Number of Customers in the Queue (Lq):

¢ The average number of customers waiting in the queue (excluding the
one being served) is given by:
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4. Average Time a Customer Spends in the System (W):

® The average time a customer spends in the system (waiting + service) is:
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This is also known as the mean system time.



5. Average Time a Customer Spends in the Queue (Wq):

® The average time a customer spends waiting in the queue (before being

served) is:
o2

M2

Special Cases:
e M/M/1 Model: When the service time distribution is exponential (02 = ;15),

the M/G/1 model reduces to the M/M/1 model.

e M/D/1 Model: If the service times are deterministic (i.e., each service time is
exactly the same, with variance o? = (), the M/G/1 model becomes the

M/D/1 model, where "D" stands for deterministic service times.

Applications of the M/G/1 Queuing Model:

1. Telecommunications:

® Modeling systems where service times may vary depending on the
complexity of the tasks, such as packet processing times in a network

router.
2. Manufacturing:

® Analyzing the performance of a single machine that processes jobs with
varying service times, which could be influenced by the job type or

machine settings.



3. Customer Service:

e Evaluating the efficiency of service desks or help centers where service

times differ based on the nature of customer inquiries.
4. Healthcare:

® Assessing the performance of a single medical diagnostic machine, where

service times vary depending on the type of test being conducted.

Example of M/G/1 Queuing Model:

Consider a customer support desk where customers arrive at an average rate of 5
per hour (A = 5). The service times follow a general distribution with a mean of 10

minutes (& = 6 per hour) and a variance of o2 = 4 minutes?,

1. Utilization Factor:

5
= 2 ~0.833
P=3

The support desk is busy 83.3% of the time.

2. Average Number of Customers in the System:

52 x 4/60°
L = 0.833 + 2(1—>i0/83—3) = (.833 + 0.069 = 0.902 customers
3. Average Time a Customer Spends in the System:
1 5 x 4/60°
W=—-+4+ ————— = 10.02 minut
6 " 2(1-0.833) utes

4. Average Number of Customers in the Queue:

5% x 4/60?
~ 2(1-0.833)

Ly ~ (0.069 customers

5. Average Time a Customer Spends in the Queue:

5 x 4/602
= ~ 0.82 minut
1= 51 = 0.833) 0.82 minutes




The M/G/1 queuing model is a versatile and powerful tool for analyzing systems
where service times are not necessarily exponentially distributed. By
accommodating general service time distributions, it allows for more realistic
modeling of various real-world systems, providing insights into performance
metrics like average queue length, wait times, and system utilization. This makes
the M/G/1 model particularly useful in applications where variability in service

times is a significant factor.



