Engineering Mechanics

Module 3.1 — Centroid of Wires, Laminas and
Solids

Presented by: Abhishek P. S. Bhadauria
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Table on Centroid of Laminas, Wires or Rods and Selid Bedies
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CENTROID OF COMPOSITE AREA / RODS (LINES OR WIRES)

An area/rod made up of number of regular plane areas/

. rods are known i
wea'rods. To locate the centroid of a composite area/rod, we the “"wi“&; r::mm l:e
(1) Smgﬁ:e given figure properly and select suitable coordinate axes if axes are not
spe d

At the time of choosing the axis, check the symmetry of the figure.
(a) If composite figure is symmetrical about x-axis, we find without calculation,
(b) If composite figure is symmetrical about y-axis we find without calculation.

(¢) If composite figure is symmetrical sbout x-axis and y-axis, them centroid lies on
intersection of these two axis.

{2) Divide the composite figure into different parts having known areas in case of laminas
and known lengths in case of rods.

(3) Mark the centriods G, G; Gy ..o on the individual areas'rods and find their
coordinates from the reference axes.

(4) Prepare the table containing arcas or lengths, distance of individual ceatroid from
reference BXis e1C. .....ouumimremreceisssananins ’ '

(5) To find out the coordinates of centroid, we use the following :

(3) For Areas

A;xl*dzxz"-.l,x,‘... ZA, X . J‘l}'l"'a‘!:’!"'"y)"... 4 IA‘y,
- v y= A+ A, A" TA
A.‘A:“'A,"‘... :A‘ 1 2 " Nt )

Here 4\, A,,...= Areas of individual components. |
X, Xy,... = Distance of individual centroid from y-axis.
¥1s V3,-.. = Distance of individual centriod from x-axis.

() For Lines
TaiXthxtlixs.. ix - inthnthnt. Ehy,
oy o o hhe
Tw l“"l}zz*l’ 3” — E-ﬁi“ Here ’|, f:, vt ua‘ﬂl Ofiﬂdl\'lm‘ rods.
L+ ly+ Iy + ... L
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(¢) For Solia Bodies |with Constant Density)

- Vyx, + Vaxa+ Vyxy+ .. LV, x ‘- Mﬂﬁf_ .‘1'.’2'.!
FitVo+ b+ 3 ?'T T i+ K+ ¥+ ... * LV,
I- V,Z."'V:Zz“y,zl*... 2",8,
Vit Vot Vye,. = 7 Here V), V,, ... = Volume of individual body.
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Problem:

A uniform wire is B!
bent into a shape shown.
Calculate position of C.G. of
the wire.

]
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PART LENGTH Co-ordinates L. X; L.Y;
Li, mm Xi(mm) | Yi(mm) | O mm?
g’? horizontal 100 -0 150 - 5000 15000
ggmi circular arc TX75=235.62 - 147.74 75 - 34812 17671
(S:P horizontal 100 - 30 0 - 5000 0
gtE inclined 100 35.35 35.35 3535 3535
YL = 535.62 SLx = | LY.~
- 41277 36206 |

S YLX, - _
Using X =22 o “H277 _ 25 06 m and ¥ = 2l Y _ 36206

(X, Y) =(-77.06, 67.59) mm
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Problem:
A thin homogeneous 5
wire of uniform cross-section A .

is bent into shape OABCO as ,
shown. Find its centroid. ,

R sina 12 sin 30 = 11.46 cm l —P X

o« 30xm/180 0 T

L7 A0S Of
\ &__~ circular arc

10.39

5.196

' . X

<
o
A F<
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PART LENGTH Co-ordinates (cm) Li.X; L..Y:
Li, cm X; Y, cm? cm?2
OA
St. vertical | 10.39 0 5.196 0 53.98
| AB
St. horizontal 6 3 10.39 18 62.34
BC T
Circular arc | 2F®=2x12 [3‘)"——180] 9.92 5.73 124.6 71.96
= 12.56
CO
St. horizontal 12 6 0 72 0
= 2Li. X = 2L.Y:i =
pla=4038 214.6 188.28
— YL, Y, 18828 _
Using X = Ly X _ 214.6 _ 5.24 cm - and Y = IlJ - = 2095 4.59 cm
e A= TS T 2095 2L -
*. the co-ordinates of centroid of the bent up wire are, (X, Y) =(5.24, 4.59) cm ...Ans.
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Problem:

Locate the centroid for the wire. Neglect the thickness of the material and
slight bends at the corners.

; piece L y y L
- ® 5 0 0
%] U\ % @ 8 4 32
o ©) 5 9.5 47.5
y 8 @ 3 9.5 285
e R 21 108 Y="21 =14

Due to symmetry, we only have to find y and so | am
only going to consider the right 72 of the wire. | will break it up into the
4 pieces.
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I Problem: Find the centroid of the bent wire as shown in figure.
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Part Length Co—ordinates Lx Ly
L cm X cm y cm cm? cm?
1. AB 8 7 9 56 72
2. BC T x7=22 18 13.456 396 296
3. CD 8 28.464 7 227.7 .56
L= LLx= | ZLy=
38 679.7 424
Using X = ZLX _6797 17886 cm  and ¥=2Y-22%_11158 cm
2L 38 2L
X,Y=(17.886, 11.158) cm  ......... Ans.
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Problem: A bentup wire ABCDE is as shown in figure. Locate its centre of gravity.

y
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2r/x = 2.546

All dimensions are in ¢cm
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| Length Co—ordinates Lx Ly
L cm X cm y cm cm? cm?3
1. AB 3 - 5.5 6 - 16.5 18
2. BC 6 -4 3 - 24 18
3. CD Eestr= :
12.566 0 2.546 0 - 32
4. DE 5 6.165 1.25 30.825 6.25
2 L - 2 L X = E L =
y =
26.566 = 9.675 10.25
.. T _2Lx -9.675 -
Using X = _ __ _ 2Ly 10.25
g SL - 26566 0.364 cm and Y= = =(0.3858 cm

L  26.566
X,Y=(-0.364, 0.3858)cm ......... Ans.
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I Problem: Find the centroid of the bent wire ABCDEFOA as shown in figure.

y4

e 3m_, 2m . 2om y .
A:& ' 15 N i Alldimensions are in m
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Length Co-ordinates Lx Ly
— Lm X m ym m?2 m3
1. OA 6 0 3 0 18
2. AB 3 1.5 6 4.5 18
3. BC 4 3 4 12 16
4. CD |=zx1=3.14 4 1.363 | 12.56 | 4.28
5. DE 2 6 2 12 4
6. EF 2 7 1 14 >
7. OF 7 3,5 0 24.5 0
LL= ILx= [ZLy=
27.14 79.56 62.08
. = TLx_79.56 _ - TLy 6228
Using X = SL =57 14 2931 m and Y = ST =2.295 m
X ,Y =(2.931, 2.295) m ......... Ans.
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Problem: Find the centroid of shaded area as shown.
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Part Area Xi yi Aix; Aiyi
(Ai) cm?2 cm cm cm?3 cm?3
. Square 100 S S S00 500
- Rt. Triangle -9 1 2 -9 - 18
. Quarter-circle - 12.57 1.697 8.302 -21.32 - 104.33
. Semi-circle - 39.27 7.878 5 - 309.37 - 196.35
ZA = ZAiX; = Ay =
39.16 160.31 181.32
X = LAix; = 160.31 =4.09 cm and Y= 2 Aiyi = 181.32 =4.63 cm
LA, 39.16 TA;  39.16
X,Y =(4.09,4.63)cm  ......... Ans.
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Problem:

A semi-circular section
is removed from the plane area
as shown. Find centroid of the
remaining shaded area.

here a = %ﬂ - 120° = 2.094 radians

2 rsinae ., 2 100sin120

=% So —X =27.56 mm
3 o 3 2.094

Area=A; = r2x = (100)2 x 2.094 = 20944 mm*
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A.0.S., which is the y-axis, we have

X =0 T?‘
v T > X
33.33 mm
50 mm I
* 6.67
16. mm
Sector v
—{86.6 m_m.'t— T
4 173.2 mmn

Triangle

Semicircle
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PART AREA A;, mm? Y, mm A)Y, mm3
1. SECTOR 20944 27.56 577217
2. TRIANGLE Y2 x 173.2 x 50 = 4330 - 33.33 - 144319
3. SEMI-CIRCLE - m(75)2 = - 8835.7 31.83 -281241 |
TAi = 16438.3 TA.Y; = 151657
Using Y = Z;;:{' = ::i::;ﬂﬂ mm . (X,Y) = (0,9.22)mm Ans.
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Problem: For the plane area shown, determine the first moments with respect to the x and
y axes and the location of the centroid. (All dimensions are in cm)
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ID Area X
A, 2 05
A, 3 2.5
A, 1.5 2
Ay -0.7854 |0.42441
Area % ¥ Area Vi yi Area
Aq 2 0.5 1 1 2
Ao 3 2.5 7.5 0.5 1.5
As 1.5 2 3 1.333333 2
Ay -0.7854 |0.42441|-0.33333 | 0.42441 | -0.33333
5.714602 11.16667 5.166667
| 19547 [ o [0808TTY
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Problem: For the plane area shown, determine the first moments with respect to the x and
y axes and the location of the centroid. (All dimensions are in cm)

y SOLUTION:
P - Divide the area into a triangle, rectangle, and semicircle with a
D\ circular cutout.

« Calculate the first moments of each area with respect to the axes.
Find the total area and first moments of the triangle, rectangle, and
semicircle.

« Subtract the area and first moment of the circular cutout.

« Compute the coordinates of the area centroid by dividing the first
moments by the total area.
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Problem:
Y y Yy y y

120 mm

ry = 60 mm
ro =40 mm
40 mm
80 mm > =/ l
60 m’ m | *
! &

—-20 mm

Component A, mm? X, mm ¥, mm XA, mm?® yA, mm?3

Rectangle (120)(80) = 9.6 x 10° 60 40 +576 x 10? +384 x 10°

Triangle 3(120)(60) = 3.6 x 103 40 —20 +144 x 10° —72 X 10°

Semicircle 3m(60)% = 5.655 X 103 60 105.46 +339.3 X 103 +596.4 x 103

Circle —m(40)> = —5.027 X 10°> | 60 80 —301.6 x 10° —402.2 x 10°
A = 13.828 x 10° SXA = +757.7 X 10° | ZyA = +506.2 x 10°
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_ Y XA _ +757.7x10°mm° v _ZYA_ +506.2x10°mm?3
> A 13.828x10°mm? > A 13.828x103mm?

X =54.8mm Y =36.6 mm

VIDYAVIHAR UNIVERSITY
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roblem for Practice:

Determine the centroid of given plane laminas

y

= W) mm 300 mm
150 mm

1Oy mum
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Problem:
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AG mm

Selution : Divide the shaded areas into 4 parts and mark the centriod of the respective area.

Prepare the table as follows.
Component | Aread,(mm’)| ¥g(mm) | Jg(mm) |A,¥g(mm’) 4,7 (mm’)
90 x 50
) Romage 1 2 4’;00 B uss F2s 202500 112500
= X x 251 90 + ‘_12_5'
(2) Semicircle 2 Iz 25 98773.566 | 24543.675
ABA -981.747 = 100.61
(3) Triangle | 4 x30x48 | i !
N - x30=10 == x45==«|5 6750 ~10125
OHF -678 3 3
) = x 30° 4x30 50-4x30
CQi,"'c,,'" 3 in 3% | 9000.423 | -26342.477
DCE - —706.858 -12.733 = 137,267

T A, = 5449.889 mm®, I A, Rg = 299039 mm’, L 4,5 = 100576.198 mm’

z A‘Ym
L4

299039
5449.889

=$4868mm, § = LA4.%6 _ 100576.198

54498389

Centroid G[7,7] = (54.868, 18.455) mm . An

= |8455mm

.
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Problem: :

- ® 8
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Solution : Divide the shaded area into 4 parts and mark the centroid of the respective area

|

Prepare the table as follows.
|
| Component | Aread,(em’) ¥ (cm) Folem) | A, %G (em?) | 4, Fg; (em?)
(n gicjucn‘lc 5x5=25 | .52. =25 | -% =294 | 62.5 -62.5
(2) Rectangle = S.2s| 3.
ADEG 6x3=18 |5+ 35 =25 £ =15 144 | 27
2 1 '
+2x6 |3+ 2x(8-2
D Tanghe: | 15 5ais] I*5 3 B3 g 70.008
2 =9 = 4,667
- x 28* Ax2
(4) Semicircle|] — 2 §+1+2=8 3n -50.264 -5334
1HI =-6.283 =0.849 | ’

LA = S1717em’, I A,%g = 291236em’, LA, 56 = 29.171 cm’

L A,Te 291236 . =435 297
- « 5631 cm, - = -
A, S1.717 & gl SN o

Centroid G[¥, 7] = [5.631,0.564) em . 4ns.
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problem:  Find centroid of shaded plane area.

8

I-

--———-IH-F——-- - — - —

| :&[=
3 8.488
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P Area Co-ordinates Ax Ay
A mm?3 Xmm | ymm mm?3 mm?3
1. Rectangle 20 x 35 = 700 10 17.5 7000 12250
2. Qt. circle — (rx20%)/4=-314.16 | 8.488 | 8.488 | —2666.6 | — 26666
3. Rt.Triangle | — (L x10x 15| =-75 | 3.33 3 =
gl (- ) 0 249.8 | -2250
4. Rt. Triangle | - (% x10x10)=-50 | 16.67 | 31.67 | -833.5 | - 15835
TA= ZAx= LAy-=
— 260.84 3250 5750
Using X = ZAX =920 _1246mm and Y= ZAy __S750 =
TA 26084 TA 26084 2204mm
XY =(12.46, 22.04) mm  ......... Ans.
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Problem: Find the centroid of shaded portion as shown.
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Part Area Co-ordinates Ax Ay il
A cm3 X cm y cm cm3 cm®
. . 2 =
1. Semicircle (r ; 0%.)5/ g 0 - 3.395 0 = 3441;3/
1
2. Rt. s .
Yriangle 5 8 1a.890) | wuy 4.619 295.4 256
= 55.42 ) A
3. Semicircle | : 4??:4’? -5 ~1.273 70.68 18
TA= TAx= TAY*
141.81 366 - 67.33
. = XAx 366 = YAy -67.33
Using X = = =2.581 = Y - s S
©2=FA T1aLs1 Gl Ve tme e e AT
X,Y=(2.581, - 0.474)cm  ........ Ans.
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Problem:
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entroids by Integration: to locate the centroid of figures bounded by curves.

Y
4

y = f(x)

(xel' Yel)
X
—p
. ﬂdxl‘-
i=IxEIdA ’ '?=JYE1d'A
Jaa fdA
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Problem:

Determine the centroid of the plane area
as shown in figure.

Solution:

Total area =[dA =/ ydx

400 T X
= ——|d
i 200 cos (800] x,

(Si n( _u_x_)\‘mo

_ 00| \800/ | _ 160000 sin(f‘- _sin 6)

n T 2

., 800 /0 .

_ 160000 - 50930 mm?
n

If( xg, Ye ) are the co-ordinates of the centroid of the element, then
Xel =X and Ye|=y/2
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400
Now, Ixel dA = [ X. ydx -------- since Xe1 = X and dA = ydx
0
400 X
= g x. 200 cos [56_6) dx
/ \1400
o 2) o (g)®
= 200 x.—-_—_E—--I LSIU_-‘;[_/_S_O_O_
L 800 Jo
- ( \7 400
—cos(————de
- 200 800 = Bify X ]_ 800 800
r  (800) m n /800
L \ /Jo
| 2 8002
= 2004 ——800 .4003in[£)+800 .cos(i] -1 0+ : cos O
T 2 Tt2 2 T
= 200[101859-64845.5 |
= 7402721 mm?3
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400

Also, IYcl dA = J. % ydx
0
- 2 400 1+ cos( }O%)
-1 200cos("—")) dx = 20000 j dx
2 ! 800 2
0
1400
. nX
Sm( 400)
- o % —1—2
10000| x 7/ 400
Jo

10000{ (400 + 4—:0-(sin n)) -0 }=4 x10® mm?

[xadA 7402721

. = 145.35
[dA 50930 A

Using X

“Y’ _ IYcPdA _ 4)(106

= z = 78.54
[dA ~ 50930 SR

-, Centroid of the plane area has co-ordinates ( X ,Y) = 145.35, 78.54 ) mm...... Ans.
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Show that the centroid of an arc of radius LS

‘r’ is located at from the
o

centre along axis of symmetry,

Solution: Consider a circular arc which subtends an angle 2a. Let the A.O.S. be x-axis.

Let us take an element of length dL situated at an angle 6 from the x-axis. Let the
element subtend an angle d8 at the centre.

dL = rd6
o
Totallength L= [dL= [ra8 = [g]"
or IdL iP5 () R (1)
The centroid of the element is on the element itself
: Xel. = rcos®@
a
Ixel.dL = Il‘ cos0.rd® = ?[sine@ ](_lu = 2r2sin o -------m-ee- (2)
-a
. < _ JXadL 2p2gj = i
Using X = I el _ ina J_ tsina |
_[ dL 2r.a or : o Proved
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