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(a) Foraplane lamina of area A, if the density at a point P(x, y) be p = f(x,y), then its total mass M is given by
x,

M =[], pdxdy = [f, f(x,y)dx dy A= [ dmdy

(b) In polar coordinates, if the density ata point P(r,0) be p = f(r, 0) then its total mass M is given by

1. Find the mass of the lamina bounded by the curve ay? = x3 and the line by = x if the density at a point varies as the

distance of the point from the x-axis.
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Solution: The curves intersect at A (bz 53
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On the curve OBA,y = x3/2/\Ja and on the line 0A,y = x/b.
The surface density is given by p = ky. Taking the elementary strip
parallel to the y —axis, mass of the lamina
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2. Alaminaisboundedby y = x%3xandy = 2x. If the density at any point is given by (24/25)xy. Find
the mass of the lamina —

. . 9 3\2. . . .
Solution: Thecurvey = x? —3xi.e.y+ = (x - E) is a parabola intersecting the x —axisinx = 0 and x = 3

The line y = 2x intesects this parabola at x? — 3x = 2xi.e. x> — 5x = Oi.e.atx = 0,x = 5.
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Therefore, points of intersection are (0,0) and (5, 10). The lamina is the area OAB. Taking the
elementary strip parallel to the y —axis, mass of lamina
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3. Find the mass of the lamina in the form of an ellipse %

product of the distances from the axes of the ellipse.
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Mass of the lamina = 4 [[p dxdy
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4. Find the mass of the lamina bounded by the curves y? = ax and x? = ay if the density of the lamina at any

point varies as the square of its distance from the origin.
Solution:
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The two curves intersect at A(a, a). The lamina is the area OBACO.
On the curve OCA, y = y/ax and on the curve OBA,y = x?/a. The surface density is give by p = k(x2 + yz).

Taking the elementary strip parallel to the y —axis,
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the mass of the lamina
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5. The density of a uniform circular lamina of radius a varies as the square of its distance from a fixed point on

the circumference of the circle. Find the mass of the lamina.
Solution: Let the fixed point on the circumferences of the circle be the origin and the diameter through it be the x —axis.
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The density at any point P(r,8) is = kr?.
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6. The density at any point of a cardioide r = a (1 + cos6 ) varies as the square of its distance from its axis of symmetry. Find its
mass.

Solution: Let P(r, 8) be any point on the given cardioide
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Mass of the lamina =2 fon foa(1+cos 9)(kr2 sin? 0)r drd6
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7. Find the mass of the lamina in the form of a cardioide r = a (1 + cos6) if the density of mass at a point varies as the distance
from the pole.
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8. Find the mass of a plate in the form of one loop of lemniscate 72 = a? cos 20 if the density varies as the

—_—

square of the distance from the pole.
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9. Find the mass of the lamina bounded by the curves ay? = x2 and by = x, if the density at a point varies as

(i) the cube of distance of the point from the x —axis,

(ii) the square of the distance of the point from the x —axis ; 3
CO € 47 HR=Kky?
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10. Alamina in the form of a parabolic segment of mass M, height h and base 2k has density at a point given by
Apq? per unit area where p, q are distances from the base and axis respeactively. Find the value of .
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Let the parabolic segment be as shown in the figure. Let the equation of the parabola be y? = 4ax.
Since the point B(h, k) lies on the parabola k% = 4ah; 4a = k?/h;

N k?
the equation is y? = X

~f P(x, y) is any point on the lamina, then the distances p, g are as shown in the figure.
~x+p=hiep=h—-xq=y

Mass of the lamina M = 2 [" fo"Jx—/_“ Apq? dxdy
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11. Find’tﬁej'double integration the mass of a thin plate bounded by y2 = x and y = x3 if the density at any
point varies as the square of its distance from the origin T—— . .
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