AREA

Monday, May 31, 2021 11:30 AM

(a) The area enclosed by two plane curves y = f; (x)and y = f,(x) intersectingin A(a,c) and B (b,d) is A = f; féz((;c)) dx dy

(b) The area enclosed by two plane curves r = f;(8)and r = f,(0) intersecting in A(ry, @) and B(r,,B) is A = ff ffiz((:)) rdo dr

SOME SOLVED EXAMPLES:
1. Find by double integration the area enclosed y? = x3and y = x
Solution: The two curves intersect at the origin 0(0,0) and A(1,1) 9 kR — 3
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Consider a strip parallel to the y —axis. on this strip y varies from x°/“ to x.

And the strip moves from 0 to 1
1
A =] f;/z dydx

, /
:g C\j)w‘ih_d\q — J(W —ng/zj dw = C?”MS/?_ ,: ,\_.

0 5

2. Findthe area between parabolay = x2 — 6x + 3andtheliney = 2x— 9
Solution: Wehavey = (x —3)? —6i.e.y + 6 = (x — 3)2
It is a parabola with vertex at (3, —6) and opening upwards.
The line intersects the parabola wherex? — 6x + 3=2x—-9 ie.x?—-8x+12=0
ie.(x—6)(x—2)=0 i.e.whenx = 6,x = 2.
Whenx =6, y=12—-9=3;when x =2,y =4 -9 = -5.
The points of intersection are B(6,3),4 (2,—5)

To find the area consider a strip parallel to the y —axis.
On this strip y varies from y = x> — 6x + 3toy = 2x — 9.

Then x variesfromx = 2tox =6

6 2x-9
~A = fx=2 fy:xz- 6x+3 dydx
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3. Sketch the region bounded by the curves xy = 16,y = x,x =8andy = 0.
Express the area of this region as a double integral in two ways

Solution: The curve xy = 16 is a ractangular hyperbola.
y = x is a line passing through the origin and equally inclined to the axes.

y = 0is the x —axis and x = 8 is a line parallel to the y —axis.
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Thus, the region is 0ABC

The vertices of the figure are 0(0,0), C(8,0), B(8,2),A(4,4).

If we drop the perpendicular AM, then M is (4, 0)

If we take a strip parallel to the y —axis, then the area divided into

two regions OMA and AMCB
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If we take a strip parallel to the x —axis, then the area is divided into two regions OMBC and MBA where M is the point of

intesection of a line parallel to the x —axis through B
2 8 4 ry/16
~ Area = [/ fx=y dxdy + |, fx=y dxdy o 3 _X
( \E\La)mw‘:'ouw con b o> % '
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4. Find by double integration the area of the smaller region bounded by the ellipse % + Jb/—z = 1 and the line 5 +% =1

Solution: Th:a ellipse Z—z + ;:—2 = 1 and the line Z +% = 1 are shown in the figure - "
: LI N 5300 5ye B (U7F)
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. _ ra (b/a) aZ—x2
~A = f(b/a)(a—x) dydx
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5. Using double integration find the area bounded by the parabolas x = y?,x = 2y — y?
Solution: The parabola y? = x has vertex at the origin.
The parabola y? — 2y = —x i.e. (y — 1)2 = —(x — 1) hasvertexat (1, 1).
The two parabolas intersect where y? = 2y —y? ie.2y(y—1)=0 ~y=0y =1
The points of intersection are (0, 0), (1,1)
j’\/
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Consider a strip parallel to the x —axis.

On this strip x varies from y?2 to 2y — y?
and the strip moves fromy =0toy =1

)
Hence, A =f01f22y Y dxdy
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6. Find by double integration the area included between the curves y = 3x2 —x —3andy = —2x2 + 4x + 7
Solution: Wehavey =3x2 —x —3

i 1 21,1
|.e.y+3+12—3(x 3x+36)

2
ie. y+%= 3(x—%)
which is a parabola with vertex at (1/6,—37/12) and opening upwards
andy = —2x%2 +4x +7
ie.y—7=-2(x%*-2x)
ie.y—9=—-2(x—1)2
which is a parabola with vertex at (1,9) and opening downwards
The two curves intersect when 3x? —x —3 = —2x%2 + 4x + 7
~5x2—5x—10=0
wx2—x-2=0
Sx=2)x+1) =0
~x=2o0rx=-1
Whenx = -1,y =+4+1andwhenx =2,y =7.
Thus, the two curves intersect in (—1,1) and (2,7)

A
(1,9

y=-2x"—4x+7
1 (2.7
(-1.1)
=X

}-:3x:—x—3_ll+ w/“ ‘

Now, consider a strip parallel to the y —axis.
On this strip y varies from 3x% — x — 3 to —2x% + 4x + 7.

Then x —variesfromx = —1tox =2
—2x2%+4x+7

2
sA =0 [, dydx
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7. Find the larger of the two areas into which the circle x2 + y? = 16a? is divided by the parabola y? = 6ax

¢ Ac -
N = .
Solution: We shall first find the common area AOBCA. e EO 0 > ~on w5 ha

s Pl o aivele

The points of intersection are given by

x>+ 6ax—16a>=0 ~(x+8a)(x—2a)=0
X =2a

~y?=12a% ~y=2V3-a

Hence, B is (Za, 243 a)

=2 fOZ\E'a f‘/l—saz_yz dxdy

~ Area x=y2/6a
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But area of the circle = w16a?

= Required area = w16a? — g (47‘[ + \/§) a’ = 2(871 - \/§) a?

——

8. Find by double integration the area common to the circles x2 + y2 —4y = 0andx?> + y2 —4x — 4y + 4 =0

Solution: The equation x2 + y? —4y = 0 can be written as x% + (y — 2)2 =
Its Centre is (0, 2) and radius = 2.

And the equation x? + y2 —4x —4y + 4 =0 can be writtenas (x —2)2 + (y — 2)2 =
Its Centre is (2,2) and radius = 2

By subtraction, we see that the circles intersect at points where x = 1
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Consider a strip parallel to the y —axis.

. . . V16—4x2
Then on the circle on the left i.e.onx?+y%2—4y =0 ie.ony= Kk Lk

2 )
y varies from 2 — V4 — x2 to 2 + V4 — x?

~ Required area = 2 (area ABC) by symmetry

2+Va—x
—Zf fzﬁ;zdydx
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9. Find the area of the cardioide r = a(1 + cos 0)
Solution:
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~ Area= anfa(HCOS D drdo
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For the cardioid r varies from 0 to a(1 + cos ) and 6 varies from 0 to 7 above the x —axis
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10. Find the total area enclosed by the lemniscate of Bernoulli (x? + y?)" = a?(x? — y?)
Solution:

— 2
We transform the equation to polar form by putting x = rcos8,y = rsin
~r*=a?r?cos20i.e.r?> = a% cos 20

. r°=acos20

/x%:m N> o b9 a [pmo
S O > o 6o Wy
GO

Now, consider a small radial strip in the upper half of one loop
. _ /4 ~avcos 260
“A =400 r drdf
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11. Find the areainside the circle r = a sinf and outside the cardioide r = a (1 — cos6).

Solution: The circle and the cardioide intersect where asinf = a(1 — cos9) _ -
i.e. 2sin(8/2) cos(0/2) = 2sin%(6/2) \( = & &
i.e.sin8/2[sin(8/2) —cos(6/2)] =0 9 _ 0\\( Sy P G
Whensing/2 =0 8 =0 X
Whensin%—cos§=0,-'.g=% -'-9=§ eﬂlktﬁz// 0‘\3
v _an = a*
Lr=a sin g o
T
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Now, consider a radial strip in the region of integration.
On this strip r varies fromr = a(1 — cos 8) tor = asinf.
Then 6 variesfrom 9 = 0to 0 = /2

X _ (m/2 rasin@
~ A _fo fa(l—cos@)rdrdg
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12. Find the area outside the circle r = a and inside the cardioide r = a (1 + cos6).
Solution: The circle r = a and the cardioide r = a(1 + cos ) are as shown in the figure.
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When they intersect a = a(l+cosf) ~1=1+cos@ .~cos@=0 -60=+m/2

~ Area = 2area ABQCPA
/2 a(1+cos 6)
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13. Find the area outside the circle r = av2 and inside circler = 2a cosf .

@)

Solution: First we note that 7 = av2 i.e.7? = 2a? i.e.x?+ y? = 2a? isa circle with centre at the origin and radius = av2
andr = 2acos@ i.e.r?=2arcosf ie x?+y%?=2ax ie (x—a)®>+y?=a? isthecircle with centre at (a,0) and radius = a

(7 032 50 1o (U@

i &)
r=ova r=2acos @

To find the point of intersection, we solve the two equations
~av2 =2acosf ie.cos@=+1/V2,.0=+m/4
/4 2acos@

Area of the crescent =2 [~ [ = " rdrd6
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14. Find by double integration the area enclosed by one loop of r = cos 26

Solution: The curve r = cos 26 is a four leaved rose.

f=-—m/a

The area of one loop above the x —axis is

The area of one loop is twice of this
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