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HIGHER ORDER DIFFERENTIAL EQUATION
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¢ Definition: An equation of the form + P1 ] Y+ P, Z A

+ .. +tPy =X ... (1)

Where Py, P,, ... ... ... P, are constants and X is a function of x only is called a linear
differential equation with constant coefficients.
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THE OPERATORD

. Let D be the symbol which denotes differentiation with respect to x, say, of the function

. . o d
which immediately follows it i.e. D stands for —.

. Thus, if y is a differentiable function of x then D(y) = —d— (y) or Dy = % )
_ 4 () _ Ly d ) - s P2 _ o
D(Dy)_dx(dx)_dx2 Th:ﬁ C > D'\j-}’b’jse
. Let us further denote the operation of D repeated twice, thrice, ....... n times by
D%, D3, ... D™,
ith thi ion. D2y = &Y p3, = 2 n, — 4"y
. With this notation, D“y = oy = . D'y = T

. From this point of view the symbol D is called as operator and the function y on which it
operates is called operand.

. With this notation the differential equation (1) can be written as
e D"y + P, D" 1y + P,D" 2y+.. +Py = X

cie. (D" + P DI+ P, D2+ L 4B)y =X i.
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METHOD TO FIND COMPLETE SOLUTION 3 = ¢ ¥ 3p
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e Complete Solution = Complementary Function (C.F.) + Particular integral (P.1.).
* (1) Write the given differential equation in the form f(D)y = X
* (2) Write the associated equation f(D)y =0 — 3

* (3) Write the auxiliary equation by putting D = m in the terms within bracket when
the equation is written in the symbolic form as #IL( ) = O

e (D"+P D"+ P, D" 2+ +P)y=0

e Auxiliary equationis m™ + Pom®* 1 +P,m" 2 +.-+P, =0
It is an equation of nt" degree in m having n roots says m,, m,, ms .....my,
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Auxillany ea™ is HD=0  je 03+ 3l 4 2m4 = o

* (4) Write the complementary function (C.F) as follows:
e Case(i) whenrootsarerealand different ~M 1wy - oo I
e The C.F.isy = C;e™* 4+ C,e™2* + C3e™3* + .- 4 C,e™*
(D2~ 30 v2) 8=
A 5w -3y =0 Cm-23mo)) =0 = =] 2

— " 27
C.F- > :&C = (e + (e

e (Case (ii) When roots are real and equal i.e. repeated

e (a) Suppose the auxiliary equation has got two equal roots. Say, each m; and Let the
other roots be m3;,my .....m,, then the C.Fis

oy =(C; + Cyx)e™* + Cze™* + ...+ Cpe™n*

NOYNEEY ma@2,2,~6

’

~ 2 3"( —G >
3C:Q1+cw)e +yCzx e xlyue " xC(ge

e (b) Suppose the auxiliary equation has got three equal roots. Say, each my, and let the
other roots be my, ms ... ........m, then the C.F. is
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e (b) Suppose the auxiliary equation has got three equal roots. Say, each my, and let the
other roots be my, mg ... ........m, then the C.F. is

oy =(Cy+ Cyx + C3x2)e™* + Ce™* + ... +Cre™*
Lo~ eq- = 2,2’2/‘1/’3}7’
“3% T

5 -
Yo = Qwr%%“(zwz)e%% Cue «Csc « (e

e (c) Suppose the auxiliary equation has got three equal roots. Say, each m;, and next

two equal roots say, each my, and let the other roots be mg, m, ... ... ... .....m,, then the
C.Fis
y=(C; + Cox + C3x2)em1x + (C4 + Csx)emzx + Cge™* + ... ... +C,e™*

{o€ s = 3,22 -V, -) 2 5§

e L™ 5t
3@ = @,+c1w+63»72)@3"¢6u+cgy)@ —tCé,C %C:('e

(oM pPer
e Case (iii) when roots are Imaginary and different

e Suppose the auxiliary equation has got two roots(a + i,B) and (a — i,B) then the part of
the solution of the equation corresponding to these roots will be :
e“x(Cl cos Bx + C, sin ,Bx)
ferces 2xzy -2, Ity 0 -

Ye = eE%CC[Co-& 27T TCZQI‘DZW)

+ e (Cosz ¥ g sin)

e Case (iv) when roots are Imaginary and equal i.e. repeated

e (@) Suppose (a + i,B) occurs twice then the part of the solution with reference to these
roots will be e“x[(Cl + sz)cos,Bx + (C3 + C4x)sin,8x]
fort eg. SUppose | T ~epeods twice

Be = e"Z[G/Hw) cos (¢ qu)%fmj

e (b) Suppose (0( + iﬁ) occurs thrice then the part of the solution with reference to these
roots will be e%*[(C; + Cox + C3x2) cos fx + (C4 + Csx + Cex?) sin Bx]
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Suppose. we  geb ~woks of Buxi|lrany ea™ &S

= A,ﬂ’ ”2, 3, 61—)'/ Qi—gr)*wxce

27T

jc = LC, +C1W)e%7‘— €+ CL7, €3n+ 651<C,5C@f$“( ‘FCgSfbv

2
+ C)L[CC}Jr Cg”?)Co S3% —+ Gq +CaoW) 3"”‘3"17

e (5) Whenther.h.s X = 0then complete solution = complementary function (i.e no need
to find particular integral)

* (6) When ther.h.s X # 0 then we find Particular Integral using following rules.

1
P-’—ﬁ@

. The method of finding Particular Integral depends upon the nature of the right hand side
X.
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