SIMPLE APPLICATIONS OF DIFFERENTIAL EQUATION

OF FIRST ORDER AND FIRST DEGREE
TO ELECTRICAL
AND MECHANICAL ENGINEERING PROBLEM !

1. Introduction

in Chapter 1, we have leamnt some techniques of solving difforential equations of certain typos
\We have also remarked that the differential equations arse in the study of some engineering,
scence and sacial probloms, However, formulating a differential equation in a particular situation
yeods detalled study of the subject to which the problem belongs. We shall remain satisfied here
W 11 sohving differential equations related to electrical and mechanical probloems when the equations

A vven
are Qe

2. Applications of Differential Equations of
First Order and First Degree (Mechanical Engineering)

solved Examples : Class (b) : 6 Marks
Example 1 (b) : An equation in the theory of stability ot an aeroplane is % - geosa - kv,

. beng velocity and g, A being constants. It is observed that at time t= 0, the velocity v = 0. Solve
the equation completely.
Sol. : The given differential equation is of variable separable type.

. .-_Jo‘nc .-.—J~Iog(gcosu-kv);r+c
/ gcosa—Av K
1
By data when t=0,v=0 s-;hggcosa:c
! 1 k= __#.q<3°§c]
S ;—_k--!oggcosuuilog(gcosa kv) kog(gcosa-kv
geosa At gcosa—kv:e_“
gcosa - kv gcosa
a v:g—gfg—qﬂ—e'“).

av 2
. - i is Qi & - g-kv4
Example 2 (b) : The equation of motion of a body falling under gravity is given by al g
Find the velocity and distance travelled as a function of time. Givenv=0att=0.

Sol. : We have % =g- kv~ Now taking k = 1% for convenience
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av g .2 90n2_\° _
g =V -2 (X —-v9) }
a v N |
This is a differential equation of variable separable type. ,
v
A —ve N
1 (V)9 ) a1 A g
By integration, -Alog[l v]_FHc o 2Iog PRy _?”c

1 1 -1V
Since tanh™ x-llog( +X]. —tanh‘—xzx%uc

2 X
But by data, whent=0,v=0 .~ c=0
1 4V g v gt
- —== s tanh™ —=—
3 tanh Y ta 27
LoV = Manh(g—t)
A ) h( HM ................. (1)
ax ax g sinh(g
=—, & =Aanh|=[=2
Bt V=g (x cos h(gt/A)

By integration, x = A-%Iogcosh(%) +C.
c

But by data, when t=0, x= 0

A2 (gt) :
x =—Ilogcos h| =—
p g < ¥

Thus, the velocity of the body is given by (1) and the distance travelled is given by (2).
Example 3 (b) : Inthe above example show further that the velocity of the body approaches a

limiting value as t — <.
Sol. : As proved above

V-——ltanh(—l—):}» WJ
1+e

~2gt/ -
g 50 'I|m v=A. Ifas t 5 e, v - Vg, then we have
— o0 :

VO:A’:J%' ' '

Example 4 (b) : The distance x descended by a parashuter satisfied

N 1- g 29! I _ 429t/
CvEM——=agm | im v=lim A ——-
2gt/A [9o0 (= 1+ e—zg' A

Ast—o =, €

the differential equation

dv V2
a1 9(1- k2 where VIS the\velocny k, g are constants. If v=10 and x=0att=0, show that
K? .
X=—Iogcosh(§! i
g k
2
Sol.:Wehave & _gl1-Y |- 9

This is a differential equation of variable separable type.
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Svom proveeding 25 v Exazrge 2 we gt

'S ot
7= —logoosh z
g ¥

Exampie 5 (b) : The dfierential equation of 2 body of mass mfaling from rest subected 1o he
e of Qravity and an zir resistance proporbonal 1o the sauzre of the velocty s given by

vy = T -/ w‘:‘;‘s?rag.adszoexammessesa relocty v 2t that nstant, prove

97 4
- v p
iz E_c{:f/; ’d - lﬂ'f;'!:mg:/a‘
m & -v°
Y i =k F -7
Sol. : Wz nzve rn/a;:ka‘-k‘/zk', -v°)
Trie iz 2 Bferentizl equation of varizble separzbie type
4
2 (1)
7 - m
2y integration -irxglaz-rz,:-‘iz~bgc
2 m
Broydztzwnent=02=0v=0
//;c—-iir/;zz -lbgta?_v’,zg_lmf
z 2 m 2
I e wa &
ﬁ,_..:k -m( - & )] —_— —_—
Note.../»l

Comnpare this example with the solved Ex. No. 2 above.

Example 6 (b) : The differential equation of a2 moving body opposed by a force per unit mass
oA yalue cr and resistance per unt mass of value b/ where x and v are the displacement and

vehrity of the panticle at that time ig given by v% = —cx - b2 . Find the velocity of the particle in
terme of x, if it stants from rest.

av y , 2 dv 1dy
8ol. : We nz =—cx-bv/ p 2_yy = =-=Z
¢ nale de cx utting v yvdx 2 o

sle

by —cx . Yooty -20x
by =-cx ..dx2by

This is a linear differential equation of the form %y; +Py=0.

I F - oJPdl _ ej?bdt - GZb’
- The solution is y g2 = [ g?*(-2cx)dx + €

[ bx 2bx
y 0 ~-'-2c'x-ez _Ie
ETRRNT

N\'—A

‘(1) dxé i [ Integrate by parts ]
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2bx
R e,_b)( gﬁ»~v “ C'.
v et - _o¢| xe —— -

ob  ab’

Resubstituting y = \;.

Y bx
J2e20x - _ X g2 —~_e? ¢

b 2b2 .................... (])
. ‘_ C
Bydata,whenx=0,v=0 ..(:_—2b2
c
o Rprbx _ X gabx  © C g2tx _
e b 2b? 4
_ cxX
' VZ-_—__Cj.i,._i__ c —2bX=_i_(1_e2bX)__

b ot? 28 212 b
Example 7 (b) : The distance x descended by a parashuter satisfies the differential equation

2
(g{) C k2[4 29K
at

K2 t
where k and g are constants. If x=0 when t =0, show that x = ?Iog cos h (i)

. _ 2 dx
so'. : We have ﬂ = k 1 - e ng“( . are——-.—— &~ k dt .................... (1)
dt /1 — o~ 20xIK?

6-29x/k2.%,dxzudu (1-u2)%dx=udu
k k
2
. dX—'L' u2du
g 1-u
Hence, from (1), we get,
Ky 1 k du
——.—du=kdt . =, =
g 1-42 u g 1-u? e
, . k 1 1+u
By Integration, — Io( =t+c
g 2 i 1-u

T+u
Iog( J =tanh 'y LAY hlu=tse
-u g
But by data when ¢ = 0, x=0and hence y =0

k
" Etanh“u =t ~tanhy= gt



r‘gi“eering Mathematics - Il (S-5) Self Learning Topics

20x/K? _ hz(gf) . 29X _ (gt)
e = COs o = 2logcos h| ==
k PR

2
X = k—logcos h(i’)
g k

Example 8 (b) : The differential equation of a particle moving in a straight line with acceleration

‘ 4 4
k‘ X+ %] directed towards origin is v% =— k[x + a_sJ . If it starts from rest at a distance a from
‘ x .
\ X

the origin, prove that it will arrive at the origin at the end of time T
4k
4
a
Sol. : We have vﬂ ——klx+=
ax X3

(Negative sign because the acceleration is directed towards the origin.)
This is a differential equation of variable separable type.

3 jvdv:-kjo+i—:]dx

2 2 .4 4 4
V-:-k{L-f—z]Jrc:—k[x -4 ]+c
2 2 22X

By datawhen x=0,v=0 .. ¢c=0

4_ 4 [ _ X [4_ 4
vzzk(a “"J R T (L
X

I. V:
X

We take the negative sign, since acceleration is directed towards origin.
4 4

dx a-x Xax
V=Tﬂ_=-— k.——)-(——— b J———m JFJ'dHc

l.j_,dﬂ_—duz—\/ﬂdnc
2

(U)o -t Kookt
o —2"S|n ‘;2‘ S . 2 a2

n
By datawhen t=0,x=a .- C= "
! X — VKt
', —2' sin -a—z- = 4
The particle will arrive at the origin where x = 0.

n
B P Ty .
L 0=-dkt+g aJk
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ation of a body fired vertically from the eanp,

' At it
Example 9 (b) : The differential equ itis acteg

is gi v Y SUppe.
upon by gravitational force only is given by V- ¥ PPosa
and x is the distance of the body from the earth |

2
av Q%_ Find the initial velocity of a begy

to escape. (ris the radius of the earth

Sol.: Wehave v—=—-"%"

This is a differential equation of variable separable type.

ax
A vdv=—gr2-~2
X

V2

. g re .
By integration, > = = +

If uis the required velocity on the surface of the earth where x = rthen

2 u
Ez_zgr+c . C=?-g’
2
2
: V_2:£L2_+9_-gr 2 =290 2 o
2 ox 2 X
This is the equation of motion of a body projected from the surface of the earth with initial

velocity u.

If the body is not to return to the earth its velocity v must be always positive. (If the velocily y
becomes zero the body will come to rest and then will start to descend.) As x increases, 29,2“
decreases. Hence, v will be positive if

vP-29r20 . ut22gr e ux|2gr.
.. The least velocity of projection = (2 gr

A particle projected with this velocity will never return to the earth. This is called the escape
velocity from the earth.

Note ....%4D :

Taking the radius of the earth r= 3960 miles and

g=232.17 ft/sec?, the escape velocity comes
outto be 7 miles per sec.

Example 10 (b) : The differential equation of a body of mass m projected vertically upwards
with velocity V with air resistance k times the velocity is given by dv_ uid Show that the

m

Particle will reach maximum height in time EIc)g (1 + kv )
mg

Sol. : We have ijK:—g-ﬁ
dt m
This is a differentjal equation of variable separable type.
dv
= - ﬂ

By integrati m k
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m k
-V — F—V|=¢0
when = 0,v=VY Iog(g m ]

. A m kK | m, [g+KImV
m vl —v|= =
j= /-Iog[sh V] p '09(9 + m"} p Og( g+(k/m)vJ

when the body attains maximum height, v=0.

- Miog g_ﬂﬁ'l)!) ﬂbg(HLVJ,
: k g k mg

gxample 11 (b) : The differen

tial equation of a body projected vertically upwards in air,

av , .
e i is qi —=-g- travelled by the article
considering air resistance, is given by = g - kv. Show that the distance trav y the p

_kp g . . .
at any time tis given by X = (kz )(1 ) - p .t where u i the initial velocity.

av dv

‘ —=-g-kv.
Sol. : We have g-xv g+ kv

= —dt

; 1
By integration, we get -Elog(g +kv)=-t+cC

Initially when t=0, v=U. -:;log(g+ku)=c
%‘09(9+RV)=—1+—:;Iog(g+ku) '=1k|°g(g:‘:;)
3:i’:=e’" o (g+kuye ¥ =g+kv

. v=_2+(2+_k£)e—kr E’5=—3+(9—+—'ﬂ}e-“
kL Kk a kK K
By integration, we get x=_%g_(9;2"”] RTT
Initially when t=0,x=0 .. C= Q;zku

=94 (g+ku ok, g+ ku
k k2 k2

=(g+ku)(1—e"”)—gr

k

Solve the following examples : Class (b) : 6 Marks

1. The differential equation of a body in motion is given by %!t = k(1 - —H where kand T are

constants. Find the maximum speed and the distance travelled when the maximum speed is attained.

(Att=0,5=0,v=0). [Ans.: t=T, V—H— _.kT2
2 2




Engineering Mathematics - ||

kis given by & kv it
2. The velocity of a bullet fired in a sand tank s g y dt att= 0,v= inqh
By
long it will take to come 1o (B3 t f [Al’ls_ g v,
( 1 A chain coiled up near the edge of alsmoolh table starts to fall over the edge. T oy k}
' dv 5 ~— 0
N — Ve = gx. Showthatv=8 |
v when a length x has fallen is given by xv dx 9 Jx/?.,
4. The equation of motion of a particle moving in a straight line is given by V@ ok
T dx "5
- ©
: - from the origin, show that it wi ,
initially the particle was at rest at a distance a g Will be at a d'Siance ;
ginatt=2 ‘F 2
r a = ——.
trom the origin 5> Vk

5. The equation of motion of a particle moving in a straight line in a resisting Mediumjg

| _ _ S ks
by % = —kv®. If uis the initial velocity, prove that V = Tvksy 2 t= u’ 2
s

6. The differential equation of a body falling from rest subjected to the force of 9ravity an %

2
resistance is given by v%! s L2 g. Prove that the velocity is given by v2
x g

=gn5(1-e‘2"’*’n\
(v=0atx=0)

\
3. Applications of Differential Equations of
First Order and First Degree (Electrical Engineer

We shall consider simple electrical circuits containin
capacitance (C) and voltage (V) or electromotive force (E).

We denote the charge by q and the rate of flow of e
notations, we know that

. dqg .
.i=— orq=\|idt
=g org=]

2. Voltage drop across resistance R = R;

ing)

g resistance (R), inductance (L),

lectricity /e, current by i With thegs

3. Voltage drop across inductance L = LS’;

4. Voltage drop across capacitance C = -%

The differential e

quation of an electrical circuit can be formed by using the following ™0
Kirchhoff's Laws,

, - ant
1. The algebraic sum of the voltage drops around any closed circuit is equal to the resu
electromotive force in the circuit,

. ) it it 15 2800,
2. The algebraic sum of the currents flowing into or from any terminal of the circuit s

58) , .

1

.
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Wi shall consider the following cases.

R-L-E circuit

(1
sider a circuit containing resistance A and inductance L in series

with a voltage source

Con
(battery) £ Let ibe the current in the circuit at any time . Then by Kirchhoff's 1aw.

sum of voltage drops across Rand L=E. R

- . WAAAA

CRpi+tYE di R,_E
dt a L L i L
This is the required differential equation of the circuit. f
E

(2) R-L-C-E circuit
Consider a circuit containing resistance A, inductance
voltage source (battery) E. Let i be the current at any time t. Then by Kirch

sum of voltage drops across R L C=E
., di g di R q
Ri+L—+—==E o — =it =
at’ ¢ TR

L and capacitance C in series with a
hoff's Law.

R

3
L

—

.. dg
puttingi=— W
utting T e get
E C

g, Rda, a _E

— 4+ —
J2 Ldt CcL L
We need the following two integrals often in solving the differential equations of electrical

circuits
ax eax
1. [e® sinbxdx = —— —(asinbx - bcos bx)
j a% + b?
= o” 2 sinbx -—————b cos bx
- — —=——=—===C0SDA1 1
J.?Tz+b2 \/a72+b2 Jaz+b2 ()
Putting 2 _-cos®, =sin®
’32 + b2 32 +b2
j’ ax eBX A)
e sinbxdx = —— sn(bx-® T (1
J32 + b?
eax
2. j e® cosbxdx=—5"3 (acos bx + bsin bx)
a“+b
ax a
.................... (2)

e b
= cos bx + —————sinbx
Ja—2+b2 Ja? + b? Ja? + b2

=sin®

Putting 2 _—cos® b
Ja? + 0 e b?
eax
I 6% cos bx = ——=—=C0s(bx - 0. e (2A)

Jaz + b?
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Solved Examples : Class (b) : 6 Marks

Example 1 (b) : In a circuit containing inductance L, resistance A, and voltage £ the Curry

'is given by L 9, R - £ Find the current fat time tifat t=0,/=0and L, R, E are Constantg
1S Qiv fL— ¢ '
St

(M.U. 1995, 2009, 13, 15 .

)
' . dy
Ri E .. ay )
Sol. : The given equation % + =T is linear of the type ™ + Py
- _[(RiD)at RIWat E
. Its solution is /.eJ( = J'ej T at+c
E
L :fjemu dtro=Eefit Lo Bl g
E
=0, i=0 nc=-=
When ¢ i A
- rn_E mn E_E i
LleeT T =— T e — = — (T =1
: FRL )
_E._ AL
cERl=eTh e, 3
Al ) @
Example 2 (b) : A constant e.m.f. Evolts is applied to a circuit containing a constant resistance
A ohms. in series and a constant inductance L henries. The current j at any time tis given by
1.ﬂ +Ri=E. If
at

the initial current is zero, show that the current builds up to half its theoretical

. . L
maximum value in i log2 seconds.

(M.U. 2000
Sol. : Asin example 1 the current is given by i= 5(1 - e-m/L)

As t = «, &L 0 and the current reaches its theoretical maximum value say 1.

. 1-E
R
. I - 1 _
When j = Z, we get —=I(1-¢ s —=1-g AL
e L B
e RuL_ 1 . L _ g
2
Rt
. —=lo =—
[ =log2 TRz (4)
Example 3 (b) : A resistance of 100 ohms and Inductance 0.5 henries are connected in series
with a battery of 20 volts. Find the current at any instant if the relation between [ R and Eis
di .
Ld—' +Ri=E (M.U. 2015, 18)
Sol. : The given equation can be written as
di R, E
—t—[==
S (i)
Itis linear of the type &

—“~+Py=0Q
dx+yo
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putting the given values of A=100, L =05 and E = 20 in (i), we get
d( 100 20 .
l.e., -—+200 =
at 0 5 " 05 dt = 40

Now, | POX= J200dt =200t

Hence, the solution is
d Pd
yaejPX:jo.ej XdX+C

200
20! = j40 2 gt c=400 S —4c= . ey

+C
50

Whent:O,i:Othen%e°+c=o . C= 1

, 1 1
g2t o 1 g0t 1

50 50

1 1 _o00t_ 1 ~200t -200t
- - =—1—e =0-021_
'"%0 50 50 ) (1-e77)

Example 4 (b) : The differential equation of a circuit with inductance L and resistance Ais given
by -Z-Ir-+ % i= %e‘a'. Show that the current at any time t is given by i =

(e—al _ e-m/L)_
R-aL

(Given i=0at t=0) (M.U. 1998, 2010)

di R. E _a
l.: Wehave —+—I1=—€ .
So gL L

. ) a
This is a linear differential equation of the type E’% + Py = Q. Its solution is

’_ej(nu)dr =Jej(n/L)dr .%e'“duc

LRl - EJ'B(R:/L) e dtec= Eje“”’““’“dt o
L L

(RIL)-all
R _E € vooE . glRm-alt g
L (R /[L)-a R-La
E
By data, when t=0,i=0, .~ C=-
Y R-La
LRl E_ JRm-al _ E
R-La R-La
E -al E _pun_ E -at_,-RUL
= el _——.¢ -— (679 -e :
R-La R- La R- La( )

Example 5 (b) : The current in a circuit containing an inductance L, resistance R, and voltage

Esin wtis given by Lg% + Ri = Esinot. If i=0 at t=0, show that

Lw
W[sm(mr - d)a+ e'H”Lsmd)] where ¢ = tan” ( = ) (M.U. 1995, 2013)
+ Pw?

sol.: The given equation 2% + i - E cinwt isali , , . d
quation T + T i= Ism ! is a linear differential equation of the type ad_j; +Py=Q

}
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i

Hence, the solution is
PN (GCEET JQI(H/L)GI ~§sinu)!d! Lo

. / E |
..ol - _[eR”L -—L sinwtdt + ¢

Integrating by parts, j.e. by (1), page S-9 we get,
j.eft - E 1 -eR“L(Esinwt—wcosth+c
(R2/L2) + @2 L
-eA" (Rsinot - wL cos wt) + ¢

.
RUL _ g,

vi.e

R® 4 w2
oL

R? + w2[? -

-(Rsinwt - wLcosmt) + e RUL , £,

Whent=0,i=0 . c=E.
wl

i=E. _
I?2+m2L2

1
R® + w22
1 R : oL
=E. . sinwt - cos ot
\/ R? + o2[2 (\/ R? + 0?2 VR? + 0?2 }

veRL,__E -
VA2 4 o212 VA2 + 022

Lo

R
N - ¢
Putng = RIS = w22
. E : -RUL
Sod= [sin(wt - )+ e sind].
VAR? + 22

Example 6 (b) : The equation of the electromotive force in terms of current i for an electrical

=sind

circuit having resistance R and a condenser of capacity C in series is E=Ri+ ‘[idt. Find the
c
current i at any time t, when E = Eysinw t. (M.U. 1991, 94)
Sol.: Putting £ = £, sin w t in the given equation we have Rj + Ji dt=Esinat,
c

Differentiating it w.r.t. t we get

di i d i Eso
R—+—=Eyocoswt . —+— =209
dt ¢ -0 dt Rc R _cosof
This is a linear differential equation of the type %’i +Py =Q.
X
Its solution is
, 1/Rc)dt 1/Re)dt
/-eI( ) = Je!( °) ~&2-cosmtdt+k
R
. j.g!Re _ mje”m cos ot dt + k
R
t/Re
, / w e
i.g'fe - -EL cos (ot — d) + k [ By (2A), page S-9]

A .J(1/R202)+(u2

w
etan®=— - Req.
wher 17 Fe

& N
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enginee”

, Eo(l) (o ( fe )k
/1-—————’o -——tv_—.:cos ol - ¥ e

EO wce
= .cos(wt-d)+ ke
J1+ R%c%0?

example 7 (b) ¢ The charge g on the plate of a condenser of capacity C charged through a
-V.Ifg=0att=0,

~t/Ae

-1/Ac

- , dg 4
esistance Fbya steady voltage V satisfies the differential equation A _dT -

show that @ = cv(i- ¢~!'F%). Find also the current flowing into the plate. (M.U. 1995, 2015)
v

dq 1 -
. We are given that — pm RC . R . .
This is a linear differential equation of the type L4 + Py =Q.

(/RC)dt (/RC)dt V
Its solutionis g+ eI = jeI e dt+k

. g-e'fC= j ¢!/AC :dhk—— £k
=CV.e"RC+k
Bydatawhent:O.q:O . k=-CV
. q.e”"C:CV-e””C—CV
. q=cv-cveFC=cv(i-e
-upe 1 Y gtiRC
RC R

-HRC)
, dq

ther i=—=CV-¢€

Further ot

Example 8 (b):Ina circuit of resistance R, self inductance L, the current, i is given by

Lﬂ+RI-Ecospt

when Eand p are constants, find the current i at time £. (M.U. 2013)

di R._E
Sol.: Z4—ji=—cospt
ol. : We have df+ LI T p

This is a linear differential equation of the form % +Py=0Q.
_ ej(R/L)dr _ ALt
-, Its solution is

jooD! = | g f/b. = cos pt dt+c

E
=IIB(R/L)'-cospt dt+c

e[ R
L{(RILY + p? (I°°s pt+ psin pt)]+ c

[ See (23), page F-6 in the list of formulae ]
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joeAD = — EL__, gtAiL)! M ospttpsinpt|+c
R+ 12p° L

; ~(RI)T

i = #EE—— Ecospt | psn1th+ce (/L)

R+ 1Pp? L
E

R%+ °p

_(AIL
2[RCOSPf+LpSinpf]+CQ (RIOT,

N EXERCISE-II = .

Solve the following examples : Class (b) : 6 Marks

1. The current iin a circuit containing a resistance R and a condenser of capacity C farads

and connected to a constant e.m.f. Eis given by Ai+ 9._ g Find g, given that g =0 when t= 0.
c

[Ans.: g=EC(1-e /€Ay
2. When the inner of two concentric spheres of radius ry and rp (ry < rp) carries an electric
charge, the differential equation for the potential v at a distance r from the common centre is
d’v 2 dv . .
gFt=—= 0. Find vinterms or r.
dr r dar

[Ans.: vr=c¢, r—c,. Putﬂzz]
dr

3. When a switch is closed, the current built up in an electric circuit is givenby E = Ri + Lﬂ

) i | at
If L =640, R =250, E=500 and /= 0 when t= 0 show that the current will approach 2 amp. when
[ — oo,

T

——
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