
SIMPLE APPLICATIONS OF DIFFERENTIAL EQUATION OF FIRST ORDER AND FIRST DEGREE TO ELECTRICAL AND MECHANICAL ENGINEERING PROBLEM 

1. Introduction 
in Chapter 1, we have leant somo techniques of solving difforontial oquations of certain types. 

We have also romarkod that the dittorential equations arise in tho study of somo ongineoring. Siene and social problems. However, formulating a diforontial equation in a particular situation 
n8ais detaled study of the subject to which the problom belongs. Wo shall romain satisfiod hero 

ith soling ditterential equations related to electrical and mochanical probloms when the equations 

are given. 

Applications of Differential Equations of 2 
First Order and First Degree (Mechanical Engineering) 

Solved Examples : Class (b) : 6 Marks 

av 
Example 1 (b): An equation in the theory of stability of an aeroplane is g cos Ca-Kv, 

dt 

v being velocity and g. k being constants. It is observed that at time t= 0, the velocity v= 0. Solve 

the equation completely 

Sol.: The given diferential equation is of variable saparable type. 

ov 
= Jat +c og(g cos a-v) = t+c 

g cos a-Av 

By data when t= 0, v=0 -logg cos a=C k 

t=log g cosa-log(g cos a -kv) log9cOS 

-

a 
kv) 

g cOS a-A = e-At g cos a 
g cOs a kv g cos a 

g cos (1-e). 

dv 
Example2 (b): The equation of motion of a body talling under gravity is given by=9 -kv*. 

Find the velocity and distance travelled as a function of time. Given v= 0 att=0. 

dv 
Sol.: We have Now taking k= for convenience 
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dv 

This is a differential equation of variable separable type. 

dv 

1,11o01i-1+ t+C 
By integration, 2 A- 

Since tan h'x = oo1- tan h +c 

But by data, when t= 0, V= 0 C 0 

tan h tan 
V = A tanh (1) ***** 

dx 
But V 

tanh- sinh (gt/A) 
COs h(gt/1) dt 

By integration, x = Alog cos h . 

9 
.C=0 

But by data, when t=0, X= 0 

Xlog cos h 2) 

Thus, the velocity of the body is given by (1) and the distance travelled is given by (2). 

Example 3 (b): In the above example show further that the velocity of the body approaches a 

limiting value as t oo, 

Sol.: As proved above 

e9t-gt/a 

9I+9 V =à tan h 

V=21-e 9t/a 
. v-429 

1-e 2gt/a 
lim v = lim 29t) 

As to, e9 0 lim V = a. lf astco, V Vo, then we have 

Vo = 

Example 4 (b) : The distance x descended by a parashuter satisfied the differential equauu 

dv where v is the velocity, k, g are constants. If v= 0 and x= 0 at t= 0, show a 

dt 

k2 
X=og cos h k 

Sol.: We have 

This is a diferential equation of variable separable type. 
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on prorseding as in Esampile 2. ne get

Example 5 ( :The derertial enuaton of a body ot mass m talling from res subjected to the 

ore ogravity and an air resistance proponional to the square f the velocity is given by 

Tv k- kf. tt talis throua dstance zand possesses a velocty vat that instant, prove 

where mg = k 

d Sl.: We have m k-h = k-} 
d 

This is a dHerertial eguation of variable separable type. 

********oo. (1) 
m 

-a-=ige By integration, 

But by data when t= 0,z = 0, v= O 

g---g m2 

d-gl-) m 

Note. 
Compare this esample with the olved Ex. No. 2 above. 

Example 6 (b): The diferertial equation of a maving body opposed by a force per unit mass 

fvalue cr and resistance per unit mass of value bv where x and v are the displacement and 

velrity of the particle at that tirme is given by v - - b.Find the velocity of the particle in 

terns of , if it starts frorm rest. 

Sol.: We have -C- bv 
dx 

dv Putting = y. V dv1 dy 
dx 2 d 

1 by = - CX +2by = -2Cx 
This is a linear ditferential equation of the form Py = O. 

L.F.-P=g2bd2t 

. The olution is ye2 =e2 (-2cx) d+C 

y -2cx h9 Integrate by parts 
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e2bx 
ye X 

e2bx 

|+C 
2 2b 4b 

Resubstituting y = , 

ve2bx . 2bx e2br +C' 
****** (1) 

C 

By data, when X = 0, V=0 . C'= -

26 

_C2bx 4 2bx 
b 

ve2bx 262 
CX 

C 

2b 2 
2b (1--2b)- 2b 

C 

Example 7 (b) : The distance x descended by a parashuter satisfies the differential equation 
on 

2 OX=K[1-e2gk ik' 
dt 

where k and g are constants. If x = 0 when t= 0, show that x =log cos h 

dx dx Sol.: We have=kv1-e-29k/k 
dt 

k dt 
1) V1-2gk/k 

Let v1-e2gx/k? =u1-e2gk/k=u2 

2gkik.dx = udu (1-u)dx = udu 

dX 1-u 
Hence, from (1), we get, 

k du 91-2Ou = k dt g1 dt +c 
By integration, k.11o0t=t+c 
But 

1 

o tan hu tan h'u = t+c 
1+u 

9 
But by data when t= 0, x= 0 and hence u =0 c=0 

tan hu =t tan h'u = 9 k 

U= tan h = tan h 

1-e29/k = tan h9 

-1-tan =sec h k 
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9N/ cos h 2gK 2logcos h 
K2 

xogcos 
Example 8 (b): The differential equation of a particle moving ina straight line with acceleration 

a directed towards origin is v-kx- If it starts from rest at a distance a from 

the origin, prove that it will arrive at the origin at the end of time 
4k 

Sol.: We have V X 
(Negative sign because the acceleration is directed towards the origin.) 

This is a differential equation of variable separable type. 

vdv-- -x 

By data when x = 0, V= 0 :C=0 

. V=t.ya- Va-. Va- 
X X 

We take the negative sign, since acceleration is directed towards origin. 

x dx 
-VR dt + c V = 

dt X 

Puttingu, xdk=du, 

du = - d + +c 

By data when t= 0, x = a . C= 

The particle will arrive at the origin where x =0. 

0 -k+ 
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Example 9 (b): The differential equation of a body fired vertically from the earth 

dvg.Find the initial velocity of a body: 

,if it is acted 
2 

Supposeupon by gravitational force only is given by V x dx 

to escape. (ris the radius of the earth and x is the distance of the body from the earth 

OV gr Sol. We have v = -
ax X 

This is a differential equation of variable separable type. 

Vdv=-g?. 

+C By integration, 

If u is the required velocity on the surface of the earth where x = r then 

grsc c-gr 

g,u-gr 29+-2gr X 

This is the equation of motion of a body projected from the surface of the earth with intia 

velocity u. 

If the body is not to return to the earth its velocity v must be always positive. (If the veloctu u 
becomes zero the body will come to rest and then will start to descend.) As x increases, 2gr2/x 

decreases. Hence, v will be positive if 

-2gr2 0 u22gr i.e. u2 y2gr. 
The least velocity of projection 2gr 
A particle projected with this velocity will never return to the earth. This is called the escape 

velocity from the earth. 

Note... 
Taking the radius of the earth r= 3960 miles and g= 32.17 ft /sec , the escape velocity comes 

out to be 7 miles per sec. 

Example 10 (b) : The differential equation of a body of mass m projected vertically upwards 
with velocity V with air resistance k times the velocity is given by - -g- Show that ne 
particle will reach maximum height in time 1,V 
Sol.: We have 9g- k 

kv 

M 

mg dv 

m 

This is a differential equation of variable separable type. dv 
-dt 

9+(k/m) v ****************" 

By integration, 
9m=-t+c 
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- |1 

1=0, v= V.lo9 

Iog gvoo gm" log+ 
g+ 

k/m) 
(k/m) 

v 
v) 

) 

When the body attains maximum height, v = 0. 

=log9+ (klm) v) log|1m 
9 

Example 11 (b): The differential equation of a body projected vertically upwards in air, 

- g- kv. Show that the distance travelled by the particle

considering 
air resistance, is given by 

at any time tis given by x = 1-")-t where uis the initial velocity. 

dv 
dv 

Sol.: We have -9- kv. 
= - dt 

dt 
g+ kv 

By integration, we getlog(g + kv) = -t+c 

Initially when t= 0, V= u. log(g+ ku) = c 

log(g+ kv) = -t +log(g + ku) tlogg+ ku 
k 

9+Ru-ek (g +ku) e"* = g + kv 
+ kv 

. V 

g+ ku ekt +C By integration, we get X= -* 

Initially when t= 0, x =0 
Ct ku 

1-9+KU X = 

")- 

EXERCISE I 
Solve the following examples: Class (b):6 Marks 

1. The differential equation of a body in motion is given by where kand Tare 

constants. Find the maximum speed and the distance travelled when the maximum speed is attained 

(Att= 0, s = 0, V= 0). Ans. =T, V= 
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dv k v. If at t= 0, v= V, find h 
d 2. The velocity of a bullet fired in a sand tank is given by 

Ans.:2vIK long it will take to come to rest. 

3. A chain coiled up near the edge of a simooth table starts to fall over the edlo 
sdge. The velocty dv 

dx 
when a length x has fallen is given by x gX. Show that v = 8 / 

4. The equation of motion of a particle moving in a straight line is given bu d 

tance 
initially the particle was at rest at a distance a from the origin, show that it will be 

2 from the origin at t = 

is given 
5. The equation of motion of a particle moving in a straight line in a resisting mar 

by-kv. If u is the initial velocity, prove that V 1+k su and t=S 

6. The differential equation of a body falling from rest subjected to the force of ara 
= g. Prove that the veloity is given by -(1-2ar 

| and air 
resistance is given by v. 

(V= 0 at x = 0) 

3. Applications of Differential Equations of 
First Order and First Degree (Electrical Engineering) We shall consider simple electrical circuits containing resistance (R), inductance ( capacitance (C) and voltage (V) or electromotive force (E) 
We denote the charge by q and the rate of flow of electricity i.e. current by i. With thesa notations, we know that 

1. dq q = |idt dt 

2. Voltage drop across resistance R R 
3. Voltage drop across inductance L= L 

4. Voltage drop across capacitance C => 
The differential equation of an electrical circuit can be formed by using the folowng Kirchhoff's Laws. 
. The algebraic sum of the voltage drops around any closed circuit is equal to the 

resutant 
electromotive force in the circuit. 

2. The algebraic sum of the currents flowing into or from any terminal oT tne 
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We shall consider the following cases. 

(1) R-L-E circuit 

Consider a circuit containing resistance A and inductance L in series with a voltage source 

(battery) E. Let ibe the current in the circuit at any time t. Then by Kirchhoff's law. 

Sum of voltage drops across R and L = E. 
R 

www 

Ri + E. i- 

This is the required differential equation of the circuit. 

(2) R-L-C-E circuit 

Consider a circuit containing resistance A, inductance L and capacitance Cin series with a 

voltage source (battery) E. Let i be the current at any time t. Then by Kirchhoff's Law. 

Sum of voltage drops across R, L, C= E. 
R 

wwwn 

dq Putting i= we get 

d'a,h dq,- 
d d "CL 

We need the following two integrals often in solving thee differential equations of electrical 

circuits 

1. sin bx dx = 

+b2 
a sin bx- bcos bx) 

b cos bx 
a+b2 

a sin bx 
. (1) 

= ..... 

Putting 
Va2 + b 

b 
COS COs , 

= sin 
Va +b2 

esin bx dx = -

Va+ b 
eax sin (bx ) 

**** . (1A) 

2. cos bx dx = a cos bx + bsin bx) 
a2 + 

b sin bx acos bx *2 + b 
e4x . (2) 

********i* 

Va2+b2a? + b 
a 

b 

= COs, T2b2 
sin 

Putting 
a2+b2 va +b2 

e 

cos cos bx = - cos (bx- ). 
a +b2 

****** (2A) 
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Solved Examples: Class (b) : 6 Marks 

Example 1 (b): In a circuit containing inductance L, resistance A, and voltage E ne current 

iis given by L Ri E. Find the current i at time fif at t= 0, i= 0 and L, A, E are conet 

(M.U. 1995, 2009, 12, 16, 18) 

tants. 

dy is linear of the type + Py = Q. 
dx 

Sol.: The given equation 

Its solution is i.eIL)O= [eLaE.dt + C 
L 

i.R .RL dt + C=5.RU C +C . 

When t= 0, i= 0 . c= -

eRt/L 
(3 **°*****°******. 

Example 2 (b) : A constant e.m.f. Evolts is applied to a circuit containing a constant resistance R ohms. in series and a constant inductance L henries. The current i at any time t is given by 
+Ri E. If the initial current is zero, show that the current builds up to half its theoretical 

(M.U. 2000) 
maximum value in og 2 seconds. 

Sol.: As in example 1 the current is given by i=(1-
As t, e ^ 0 and the current reaches its theoretical maximum value say I. 

en i=we get=1-e =1 
1 L =2 
2 

Rt = log2 t=log2 
*************** (4) 

L 

Example 3 (b) : A resistance of 100 ohms and inductance 0.5 henries are connected in series with a battery of 20 volts. Find the current at any instant if the relation between L, R and E is 
+ Ri E. 

(M.U. 2015, 18) Sol.: The given equation can be written as 

It is linear of the type+ Py = Q 
dx 
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Putting the given values of R= 100, L = 0.5 and E = 20 in (i), we get 

di 100 20 i.e. 

dt 
+200= 40 
dt 0.5 0.5 

Now. 
Pdx= |200 dt = 200t 

Hence, the solution is 

y.era = f0.e"dr +C 

200 
i200 = 40.e200 dt+ C= 40. +C=20014 C 

200 50 

When t 0, i= 0 then e+C= 0 
50 50 C 

i200 .200 e 
50 

i 200, 1-e200) = 0-02(1- 2001 
50 

Example 4 (b): The differential equation of a circuit with inductance L and resistance Ris given 

by ije, Show that the current at any time tis given by i= (0al -eR). 

(Given i= 0 at t= 0) (M.U. 1998, 2010) 

Sol.: We have 

This is a linear differential equation of the type+Py Q. Its solution is 

i.eRIL)dt feLae"'dt + c 

i.R=[eRL).a" dt +c=5[eRL®ldt +c 
EellA)a) 

i.e(RIL)-a R-La 
E elRLa +C 

E CR- LaBy data, when t= 0, i = 0, 

elR/L)-a]t__E 

R-La 
E 

i.eRL=. 

R-La 
-a E R-La e-a--R/L,. 

R La 

Example 5 (b) : The current in a circuit containing an inductance L, resistance A, and voltage 

di E Sin ot is given by L+ Ri E sin wt. If i = 0 at t= 0, show that 
dt 

AR22ISin 
E (ot-d)a+eH sin o where = tan i = (M.U. 1995, 2013) 

Sol.: The given equation+i=sinot is a linear diferentialequation of the type+Py Q 

-|- 
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Hence, the solution is 

= feR/L)dt E 
sin ot dt +C 

e )dt 

i. - ,sin ot dt + c 

Integrating by parts, i.e. by (1), page S-9 we get, 
1 iR/LE 

L (RIL 7sin ot -o cos ot+c 
1 

E e(R sin ot - oL cos ot) + c 

L When t 0, i= 0 C=E 
212 

L E 

sinut- oL cos ot)+eR,E. 
R +2 

L 
sin ot 

R2 +02 cos wt 
VR+022 

E +eAUL 

Lo Putting 
VR +012 

COs , sin 
R2+2 

E 
i sin lsin (t - o)+eR sin 1 A +2 

Example 6 (b) : The equation of the electromotive force in terms of current i for an electrical 
circuit having resistance R and a condenser of capacity C in series is E = Ri+-dt. Find the current iat any time t, when E = Eo sin o t. 

(M.U. 1991, 94) Sol.: Putting E E sin ot in the given equation we have Ri+ = Eo sina t. 
Ditferentiating it w.r.t.t, we get

R Eo o cos ot d :cos of 
This is a linear differential equation of the type + Py =Q. 

dx 
Its solution is 

i.Rc)d .Re)dtfRe)d.E.cos ot dt + 
R 

i.RC= 0 e cos ot dt +k 

A J1R)+u cos (wt 0) + k ( By (2A), page S-9] 
where tan = 

1/ Rc 
= Rco. 
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Rc Eg 
R1+RPc*o* Cos (wt-d) + ke-lio 

Eo oc 
Cos(ut - d)+ke-/hc 

V1+ Rcw2 

Example 7 (6): The charge q on the plate of a condenser of capacity C charged through a 

resistance Rby a steady voltage Vsatisies the differential equation A- =V.If q=0 at t= 0, 

(M.U. 1995, 2015) 

show that 
= CV{1-e"n). Find also the current flowing into the plate. 

1 Sol. : We are given thatC9 

This is a linear differential equation of the type+Py Q. 

dtdt+k 
Its solution is q.e o= [eVR0dt d 

k IRGdt+R/RC) 
= CV.ellRC+k 

By data when t= 0, q=0. k=- CV 

q.eO =CV.ellRC-Cv 

q CV- CVeliRC= CV(1-e7/RC 

Further i-=CV.etRC.=.e-i RC. 

Example 8 (b) : In a circuit of resistance R, self inductance L, the current, i is given by 

di 
RiEcospt 

(M.U. 2013) 
when E and p are constants, find the current iat time t. 

Sol.: We have cos pt 

This is a linear differential equation of the form+ Py = Q. 
dx 

. Its solution is 

i.RL) = [e,cos pt dt+c 

cos pt dt + c 
E eR/4) 
T(R/L T cos p + psin pt 

See (23), page F-6 in the list of formulae] 
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EL ,(R/L) cos pt + p sin pt c 
ielhL)_ EL 

EL cos pt + p sin pt |+ Cce 
i R+2p2TCOs 

ptpsin pt|+ ce (R/L) 

E 
212n2COs 

pt + Lp sin pt]+ ce-(RIL)! 

EXERCISE II 

Solve the following examples : Class (b) : 6 Marks 

1. The current i in a circuit containing a resistance R and a condenser of capacity C farads 

and connected to a constant e.m.f. E is given by Ai +2 Find q, given that q= 0 when t=0. 

[Ans.: EC(1- eC)1 
C 

2. When the inner of two concentric spheres of radius and 2 (i< 2) carries an electric 

charge, the differential equation for the potential vat a distance r from the common centre is 

dv2 dV = 0. Find vin terms or r. [Ans.: vr= G r-C2. Put z] 

3. When a switch is closed, the current built up in an electric circuit is given by E = Ri+ L 
dt 

If L = 640, R= 250, E= 500 and i= 0 when t= 0 show that the current will approach 2 amp. when 

to. 
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