
APPLICATION OF DIFFERENTIAL EQUATIONS 

Q.1 A chain coiled up near the edge of a smooth table starts to fall over the edge. The velocity 𝑣 when 

  a length 𝑥 has fallen is given by 𝑥𝑣
𝑑𝑣

𝑑𝑥
+ 𝑣2 = 𝑔𝑥. Solve the Differential equation to express 𝑣 in  

 terms of 𝑥. 

Solution: The given differential equation is 𝑥𝑣
𝑑𝑣

𝑑𝑥
+ 𝑣2 = 𝑔𝑥   ……….(1) 

  put 𝑣2 = 𝑦    ∴ 2𝑣
𝑑𝑣

𝑑𝑥
=

𝑑𝑦

𝑑𝑥
 

  ∴  From (1)  𝑥 (
1

2

𝑑𝑦

𝑑𝑥
) + 𝑦 = 𝑔𝑥 

  ∴
𝑑𝑦

𝑑𝑥
+ (

2

𝑥
) 𝑦 = 2𝑔 

  It is linear differential equation with 𝑃 =
2

𝑥
 and  𝑄 = 2𝑔 

  ∴ Its solution is  𝑦𝑒∫ 𝑃𝑑𝑥 = ∫ 𝑄 ∙ 𝑒∫ 𝑃𝑑𝑥 𝑑𝑥 + 𝑐  

  𝑦𝑒∫
2

𝑥
𝑑𝑥 = ∫ 2𝑔 ∙ 𝑒∫

2

𝑥
𝑑𝑥𝑑𝑥 + 𝑐 

  𝑦𝑥2 = ∫ 2𝑔 ∙ 𝑥2𝑑𝑥 + 𝑐 

  𝑦𝑥2 =
2

3
𝑔𝑥3 + 𝑐 

  𝑣2𝑥2 =
2𝑔

3
𝑥3 + 𝑐 

     

Q.2.  In a circuit containing inductance 𝐿, resistance 𝑅, and voltage E, the current 𝑖  is given by 

  𝐿
𝑑𝑖

𝑑𝑡
+ 𝑅𝑖 = 𝐸. Find the current 𝑖 at time t if at 𝑡 =  0, 𝑖 =  0 and 𝐿, 𝑅, 𝐸 are constants.    

Solution: The given equation 
𝑑𝑖

𝑑𝑡
+

𝑅𝑖

𝐿
=

𝐸

𝐿
 is linear of the type 

𝑑𝑦

𝑑𝑥
+ 𝑃𝑦 = 𝑄 

  ∴ Its solution is 𝑖 ∙ 𝑒∫(𝑅 𝐿⁄ )𝑑𝑡 = ∫
𝐸

𝐿
∙ 𝑒∫(𝑅 𝐿⁄ )𝑑𝑡𝑑𝑡 + 𝑐 

  ∴ 𝑖 ∙ 𝑒𝑅𝑡 𝐿⁄ =
𝐸

𝐿
∫ 𝑒𝑅𝑡 𝐿⁄ 𝑑𝑡 + 𝑐 =

𝐸

𝐿
∙ 𝑒𝑅𝑡 𝐿⁄ ∙

𝐿

𝑅
+ 𝑐 =

𝐸

𝑅
𝑒𝑅𝑡 𝐿⁄ + 𝑐 

  When 𝑡 = 0, 𝑖 = 0           ∴ 𝑐 = −
𝐸

𝑅
 

  ∴ 𝑖 ∙ 𝑒𝑅𝑡 𝐿⁄ =
𝐸

𝑅
𝑒𝑅𝑡 𝐿⁄ −

𝐸

𝑅
=

𝐸

𝑅
(𝑒𝑅𝑡 𝐿⁄ − 1) 

  ∴ 𝑖 =
𝐸

𝑅
(1 − 𝑒−𝑅𝑡 𝐿⁄ )    

Q.3.  In a circuit containing inductance L resistance R and voltage E, the current 𝑖 is given by 

  𝐸 = 𝑅𝑖 + 𝐿
𝑑𝑖

𝑑𝑡
  .If 𝐿 = 640ℎ, 𝑅 =  250   𝑎𝑛𝑑 𝐸 =  500volts and 𝑖 =  0 when 𝑡 =  0, find the 

  time that elapses before  the current reaches 90% of its maximum value.                

Solution: As in above example the current is given by  𝑖 =
𝐸

𝑅
(1 − 𝑒−𝑅𝑡 𝐿⁄ ) 

  Maximum value of 𝑖 is 𝐼, can be obtained when 𝑡 → ∞ 

  ∴ 𝐼 =
𝐸

𝑅
(1 − 0) =

𝐸

𝑅
 

  When 𝑖 = 90% if 𝐼 =
9

10
𝐼 =

9𝐸

10𝑅
 

  We get 
9

10

𝐸

𝑅
=

𝐸

𝑅
(1 − 𝑒−𝑅𝑡 𝐿⁄ ) 

  
9

10
= 1 − 𝑒−𝑅𝑡 𝐿⁄  



  𝑒−𝑅𝑡 𝐿⁄ = 1 −
9

10
=

1

10
 

  𝑒𝑅𝑡 𝐿⁄ = 10 

  𝑅𝑡 𝐿⁄ = log 10 

  𝑡 =
𝐿

𝑅
log 10  sec 

  ∴ 𝑡 =
640

250
log 10 = 5.89 sec 

 

Q.4.  The charge q on the plate of a condenser of capacity C charged through a resistance R by the  

 steady voltage V satisfies the differential equation 𝑅
𝑑𝑞

𝑑𝑡
+

𝑞

𝐶
= 𝑉. If 𝑞 = 0 𝑎𝑡 𝑡 = 0,  show that 

   𝑞 = 𝐶𝑉(1 − 𝑒−𝑡 𝑅𝐶⁄ ). Find also the current flowing into the plate.                     

Solution: We are given that 
𝑑𝑞

𝑑𝑡
+

1

𝑅𝑐
∙ 𝑞 =

𝑉

𝑅
 

  This is a linear differential equation of the type 
𝑑𝑦

𝑑𝑥
+ 𝑃𝑦 = 𝑄 

  Its solution is 𝑞 ∙ 𝑒∫(1 𝑅𝑐⁄ )𝑑𝑡 = ∫ 𝑒∫(1 𝑅𝑐⁄ )𝑑𝑡 ∙
𝑉

𝑅
𝑑𝑡 + 𝑘 

  ∴ 𝑞 ∙ 𝑒𝑡 𝑅𝐶⁄ = ∫ 𝑒𝑡 𝑅𝐶⁄ ∙
𝑉

𝑅
𝑑𝑡 + 𝑘 =

𝑉

𝑅
∙

𝑒𝑡 𝑅𝐶⁄

(1 𝑅𝐶⁄ )
+ 𝑘 

  By data when 𝑡 = 0, 𝑞 = 0                 ∴ 𝑘 = −𝐶𝑉 

  ∴  𝑞 ∙ 𝑒𝑡 𝑅𝐶⁄ = 𝐶𝑉 ∙ 𝑒𝑡 𝑅𝐶⁄ − 𝐶𝑉 = 𝑒𝑡 𝑅𝐶⁄ (𝐶𝑉 − 𝐶𝑉𝑒−𝑡 𝑅𝐶⁄ ) 

                     ∴  𝑞 = 𝐶𝑉(1 − 𝑒−𝑡 𝑅𝐶⁄ ) 

  Further 𝑖 =
𝑑𝑞

𝑑𝑡
= 𝐶𝑉 ∙ 𝑒−𝑡 𝑅𝐶⁄ ∙

1

𝑅𝐶
=

𝑉

𝑅
∙ 𝑒−𝑡 𝑅𝐶⁄   

Q.5.  An equation in the theory of stability of an aeroplane is 
𝑑𝑣

𝑑𝑡
= 𝑔 cos 𝛼 − 𝑘𝑣, v being velocity and g,  

 k being constants. It is observed that at time 𝑡 =  0, the velocity 𝑣 =  0. Solve the equation  

 completely. 


