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LINEAR DIFFERENTIAL EQUATIONS
Definition: A differential equation is said to be linear if the dependent variable and its derivatives appear only in

the first degree. The form of the linear equation of the first order is
% +Py=0Q Where P and Q are function of x or constants only.
dy

d . .
For example, ﬁ + 3xy = x?, oty= e* are linear equations.

Method to solve Linear Differential Equations :
(1)  First write the equation with the coefficient of = unity i.e. in the form oy Py =Q
dx dx

(2)  Find [ Pdx and further I.F = e/ Pdx

(3)  Multiply the equation by Integrating factor e/ ? 2% jt becomes exact and hence can be solved by mere
integration.

(4)  Thesolution is y. (e/ P 9¥) = f((ef”d").Q) dx +c

ANOTHER FORM OF LINEAR DIFFERENTIAL EQUATION :
A differential equation of the form Z—; +p'x = Q" Where P’ and Q’ are functions of y only is also a linear

differential equation with x and y having interchanged the positions.
Its solution is, x. (e/ ") = [ ((ef"’ ), Q’) dy +c

EXAMPLES
dy 1-2x _
1L 2+ ( E ) y=1

Solution :  This is a linear differential equation of the form Z—z +Py=4Q

Now, [ Pdx = f(l;fx)dx= fi—;c—Zfi—x= —i—Zlogx
s el Pdx = g=(1/x)-2logx — ,-1/x , p=2logx — o-1/x xiz
= The solution is ye/ P4 = [ e/ P4x . Qdx + ¢
nye1/x % =[el/x -xl—szx +c
ye /% xl—z = [e /¥ -xizdx +c el fix)dx = ef® + ¢
- The solution is ye=1/* - = = ¢=1/% 4 ¢ oy =x2+ce'/* - x?

x2
2. 1+ x4 xy?dy + (y + y)dx = 0
Solution:  Wehave, 1+ x(1 +y?) +y(1 + yZ)Z_; —0

Ldx | ox 1

Tay Ty T ya+y?)
This is a linear differential equation of the form Z—i +P'x=Q'

Now, [P’ dy = f%y =logy welPlay = glogy — o
= This solution is x - e/ P'% = [eJ P’y . g'dy 4 ¢

. _ _ 1 _ dy _ -1
--xy—fy[ y(1+y2)]dy+6— f1+y2— tanly +¢

sxy+tanly =c¢
3. (L+y¥dx= (e —x)dy

1 etan~1ly

. . . d
Solution: The equation can be written as — + —— - x =
dy = 1+y? 1+y2

This is a linear differential equation of the form Z—; +Px=Q'

-1

1 dy = tan—ly efP’dy — etan™'y

1+y?

Now, [P'dy = [
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- The solution is x - e/P'® = [l P'dy. Q' dy + ¢

1

_ 2tan™ "y
. tan~ly _ €
noXxe = -dy+c¢
f 1+y2 y
-1, _ L1 _
ut tan =t -dy =dt
p y T4y2 y
-1 1 -1 1 -1
o xetan y=fe“-dt+c=562t+c et = —e?BN Y 4 ¢

EQUATION REDUCIBLE TO LINEAR FORM :
(1)  The equation of the type f'(y) Z—z + P.f(y) = Q Where P and Q are functions of x only can be reduced to
linear form as follows.

v

Letus put f(y) = v then f'(y) 2> = &

X

.. The equation reduces to Z—z + Pv = Q which is linear.

Its solution is v. (e/ 7 9%) = f((ef”dx).Q) dx +c

(2)  The equation of the type f'(x) Z—; + Pf(x) = Q Where P and Q are functions of y only can also be reduced

to linear form as follows.
Let us put f(x) = vthen f'(x) Z—; =

dv
day

.. The equation reduces to Z—; + Pv = Q which is linear.

Its solution is v. (eJ 7 #) = f((ef”y). Q) dy +c

4. Z—z + xsin 2y = x3cos?y
Solution:  Dividing by cos?y the equation can be written as sec? y% +sec?y-sin2y-x=x3 ... )
. 2,3 oy — 43
- sec ydx+2tany xX=x
Put tany = v and differentiate w.r.t. x, we get sec? y% = Z—Z
Hence, from (1), we get Z—Z +2v-x = x3
This is a linear differential equation of the form oy Py=Q
dx
o [Pdx = [2xdx = x? o IF = el Pdx = ox*
= The solution is ye/ P%* = [ e/ P4 . Qdx + ¢
s ve’ = [eXx3dx +c
To find the integral on R.H.S. put x2 = ¢, ~x%dx=dt - xdx = ~
o fex3dx = fet-t-% =%[t-et —[et-dt] = %[tet —ef]l = %et(t— 1) = %e"z(x2 -1)
= The solution is ve*” = %e"z(x2 -1 +c

Resub. v =tany

~tany-e* = %e"z(x2 —D+c stany = %(x2 1) +ce™™*
5 L — pxY(e¥ — e¥)
' dx
L . . dy _e* y . y dy y . 2x
Solution:  The equation can be written as = (e*—eY) e e L telet=e (1)
Now, put e¥ = v and differnetiate w.r.t. x, yZ—z = Z—Z

Hence, from (1), we get Z—Z +e¥ v=e¥

This is a linear differential equation of the form Z—z +Py=Q
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Its solution is vel P4 = [ el P . Qdx + ¢

nvel el = [eletax. p2x gy 4 ¢

nvet = [e” e dx+c

To find the integral on R.H.S. pute* =t ~ e*dx =dt
w e eXeX-dx = [et-tdt =e'(t—1)

= The solution is ve®” = e®"(e* — 1) + ¢
cv=(e*-1)+ce ¢

Re sub. v =¢eY neY=e*—1+ce®

3

6. R-_Y
' dx  e%X+y?

dx dx 1
3 ax . = e2%.

1
dy ay y y3

Solution: The equation can be written as e?* + y? =y

.y dx 1 1
Dividing by e™2*, e ™2* = — ¢ 2¥ .- = —
g by ’ dy y ¥
. — —24 dX dv
Puttinge™* = v, .~ —2e7%*—==—, we get,
dy dy
1 dv 1 1 . dv 2 2
—si———iy== je. —+v=—=
2 ay y y dy y y

This is a linear differential equation of the form Z—; +Pv=Q
edey — ef(z/y)dy = g2logy — elogy2 — yz
The solution is ve/ P% = [ e/ P&V . Qdy + ¢
2
2oyt = [y (- 5)dy+e

vy2=f—§dy+c ~vy?=-2logy+c se Py 4+ 2logy =c¢
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