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INTEGRATING FACTOR : 

Some times a given differential  equation is not exact but is rendered exact if it is multiplied by a 

suitable factor, Such a factor is called an Integrating Factor 

  

Standard rules of obtaining integrating factors. 

Rule 1 : If (
𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
) 𝑁⁄

 

is a function of x only, say f(x) then 𝑒∫ 𝑓(𝑥)𝑑𝑥 is an integrating factor. 

Rule 2 :  If (
𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
) 𝑀⁄

 

is a function of y only say f(y) then  𝑒− ∫ 𝑓(𝑦)𝑑𝑦  is an integrating factor. 

Rule 3 :  If the equation is of the form 𝑓1(𝑥𝑦) 𝑦 𝑑𝑥 +  𝑓2(𝑥𝑦) 𝑥 𝑑𝑦 =  0 and 𝑀𝑥 –  𝑁𝑦  0 then  

  1 (𝑀𝑥 − 𝑁𝑦)⁄  is an integrating factor. 

Rule 4 :  If the equation 𝑀 𝑑𝑥 +  𝑁 𝑑𝑦 =  0 is homogeneous and 𝑀𝑥 +  𝑁𝑦  0 then  

  1 (𝑀𝑥 + 𝑁𝑦)⁄  is an integrating factor. 

 

EXAMPLES: 

1. (𝑥2  + 𝑦2  + 1)𝑑𝑥 − 2𝑥𝑦 𝑑𝑦 =  0  

Solution: We have, 𝑀 = 𝑥2 + 𝑦2 + 1 and 𝑁 = −2𝑥𝑦  ∴
𝜕𝑀

𝜕𝑦
= 2𝑦,

𝜕𝑁

𝜕𝑥
= −2𝑦 

  ∴
(

𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
)

𝑁
=

4𝑦

−2𝑥𝑦
= −

2

𝑥
= 𝑓(𝑥)   

∴ 𝐼𝐹 = 𝑒∫ −(2 𝑥⁄ )𝑑𝑥 = 𝑒−2 log 𝑥 = 𝑒log(1 𝑥2⁄ ) =
1

𝑥2
 

  Multiplying by the 𝐼𝐹, we get, (1 +
𝑦2

𝑥2 +
1

𝑥2) 𝑑𝑥 + (−
2𝑦

𝑥
) 𝑑𝑦 = 0, which is exact  

  Now, ∫ 𝑀 𝑑𝑥 = ∫ (1 +
𝑦2

𝑥2 +
1

𝑥2) 𝑑𝑥 = 𝑥 −
𝑦2

𝑥
−

1

𝑥
 and   

  ∫ 𝑁 𝑑𝑦 = ∫(terms in 𝑁 free from 𝑥) 𝑑𝑦 = 0  

  ∴ The solution is 𝑥 −
𝑦2

𝑥
−

1

𝑥
= 𝑐, i.e. 𝑥2 − 𝑦2 − 1 = 𝑐𝑥 

2. 𝑦(𝑥𝑦 +  𝑒𝑥)𝑑𝑥 − 𝑒𝑥𝑑𝑦 =  0  

Solution: We have, 𝑀 = 𝑦(𝑥𝑦 + 𝑒𝑥) and 𝑁 = −𝑒𝑥  ∴
𝜕𝑀

𝜕𝑦
= 2𝑥𝑦 + 𝑒𝑥 and 

𝜕𝑁

𝜕𝑥
= −𝑒𝑥 

  ∴
(

𝜕𝑁

𝜕𝑥
−

𝜕𝑀

𝜕𝑦
)

𝑀
=

−𝑒𝑥−2𝑥𝑦−𝑒𝑥

𝑦(𝑥𝑦+𝑒𝑥)
=

−2(𝑥𝑦+𝑒𝑥)

𝑦(𝑥𝑦+𝑒𝑥)
=

−2

𝑦
= 𝑓(𝑦)  

                  ∴ 𝐼𝐹 = 𝑒∫(−2 𝑦⁄ )𝑑𝑦 = 𝑒−2 log 𝑦 = 𝑒log(1 𝑦2⁄ ) =
1

𝑦2  

  Multiply the given equation by 𝐼𝐹, we get,  (𝑥 +
𝑒𝑥

𝑦
) 𝑑𝑥 −

𝑒𝑥

𝑦2 𝑑𝑦 = 0, which is exact  

  ∴ ∫ 𝑀 𝑑𝑥 = ∫ (𝑥 +
𝑒𝑥

𝑦
) 𝑑𝑥 =

𝑥2

2
+

𝑒𝑥

𝑦
   

  ∫(terms in 𝑁 free from 𝑥) 𝑑𝑦 = 0  

  ∴ The solution is 
𝑥2

2
+

𝑒𝑥

𝑦
= 𝑐 

3.  
𝑑𝑦

𝑑𝑥
= −

𝑥2𝑦3+2𝑦

2𝑥−2𝑥3𝑦2

 

 

Solution: The equation can be written as (𝑥2𝑦3 + 2𝑦)𝑑𝑥 + (2𝑥 − 2𝑥3𝑦2)𝑑𝑦 = 0  

  i.e. 𝑦(2 + 𝑥2𝑦2)𝑑𝑥 + 𝑥(2 − 2𝑥2𝑦2)𝑑𝑦 = 0 

  We have, 𝑀 = 𝑦(2 + 𝑥2𝑦2) and 𝑁 =  𝑥(2 − 2𝑥2𝑦2) 

  ∴
𝜕𝑀

𝜕𝑦
= 2 + 3𝑥2𝑦2 and 

𝜕𝑁

𝜕𝑥
= 2 − 6𝑥2𝑦2      The DE is not exact. 
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  𝑀𝑥 − 𝑁𝑦 = 2𝑥𝑦 + 𝑥3𝑦3 − 2𝑥𝑦 + 2𝑥3𝑦3 = 3𝑥3𝑦3 ≠ 0   

  ∴ 𝐼𝐹 =
1

𝑀𝑥−𝑁𝑦
=

1

3𝑥3𝑦3  

  Multiply the given equation by 𝐼𝐹, we get,  (
1

3𝑥
+

2

3𝑥3𝑦2) 𝑑𝑥 + (
2

3𝑥2𝑦3 −
2

3𝑦
) 𝑑𝑦 = 0 

  Now, ∫ 𝑀 𝑑𝑥 = ∫ (
1

3𝑥
+

2

3𝑥3𝑦2
) 𝑑𝑥 =

1

3
log 𝑥 −

1

3𝑥2𝑦2
 

  And ∫(terms in 𝑁 free from 𝑥) 𝑑𝑦 = ∫ −
2

3
𝑦 𝑑𝑦 = −

2

3
log 𝑦 

  ∴ The solution is   
1

3
log 𝑥 −

1

3𝑥2𝑦2
−

2

3
log 𝑦 = 𝑐   

  ∴
1

3
log

𝑥

𝑦2 −
1

3𝑥2𝑦2 = 𝑐  

4. [2𝑥 𝑠𝑖𝑛 ℎ (
𝑦

𝑥
) + 3𝑦𝑐𝑜𝑠 ℎ (

𝑦

𝑥
)] 𝑑𝑥 − 3𝑥. 𝑐𝑜𝑠 ℎ (

𝑦

𝑥
) . 𝑑𝑦 = 0 

Solution: Here, 𝑀 = 2𝑥 sinh (
𝑦

𝑥
) + 3𝑦 cosh (

𝑦

𝑥
) and 𝑁 = −3𝑥 cosh (

𝑦

𝑥
) 

  ∴
𝜕𝑀

𝜕𝑦
 = 2𝑥 ∙ cosh (

𝑦

𝑥
) ∙

1

𝑥
+ 3 cosh (

𝑦

𝑥
) + 3𝑦 sinh (

𝑦

𝑥
) ∙

1

𝑥
   = 5 cosh (

𝑦

𝑥
) +

3𝑦

𝑥
sinh (

𝑦

𝑥
) 

  ∴
𝜕𝑁

𝜕𝑥
 = −3 cosh (

𝑦

𝑥
) − 3𝑥 sinh (

𝑦

𝑥
) ∙ (−

𝑦

𝑥2) = −3 cosh (
𝑦

𝑥
) +

3𝑦

𝑥
sin (

𝑦

𝑥
) 

  The DE is not exact. 

 

  ∴
(

𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
)

𝑁
=

8 cosh(
𝑦

𝑥
)

−3𝑥 cosh(
𝑦

𝑥
)

= −
8

3𝑥
= 𝑓(𝑥)   

  ∴ 𝐼𝐹 = 𝑒∫ 𝑓(𝑥)𝑑𝑥 = 𝑒∫ −(8 3𝑥⁄ )𝑑𝑥 = 𝑒−(8 3⁄ ) log 𝑥 = 𝑥−(8 3⁄ ) 

  Multiply the given equation by 𝐼𝐹, we get,   

  [2𝑥−5 3⁄ ∙ sinh (
𝑦

𝑥
) + 3𝑥−8 3⁄ ∙ 𝑦 ∙ cosh (

𝑦

𝑥
)] 𝑑𝑥 − 3𝑥−5 3⁄ ∙ cosh (

𝑦

𝑥
) ∙ 𝑑𝑦 = 0 

  Since ∫ 𝑀 𝑑𝑥 is rather a complex integral 

  ∴ ∫ 𝑁 𝑑𝑦 treating 𝑥 constant 

   = ∫ −3𝑥−5 3⁄ ∙ cosh (
𝑦

𝑥
) 𝑑𝑦 = −3𝑥−5 3⁄ ∙ sinh (

𝑦

𝑥
) ∙ 𝑥 = −3𝑥−2 3⁄ ∙ sinh (

𝑦

𝑥
)  

  ∫(terms in 𝑀 free from 𝑦) 𝑑𝑥 = 0  

  ∴ The solution is 𝑥−2 3⁄ ∙ sinh (
𝑦

𝑥
) = −

𝑐′

3
= 𝑐  

5. Solve (𝑥2 − 𝑥𝑦 + 𝑦2)𝑑𝑥 − 𝑥𝑦𝑑𝑦 = 0  

Solution: The DE is not exact. (show this !!!) 

  The given differential equation is homogeneous  

  and 𝑀𝑥 + 𝑁𝑦 = 𝑥3 − 𝑥2𝑦 + 𝑥𝑦2 − 𝑥𝑦2 = 𝑥2(𝑥 − 𝑦)  

  ∴
1

(𝑀𝑥+𝑁𝑦)
=

1

𝑥2(𝑥−𝑦)
 is an integrating factor 

  Multiply the given equation by 𝐼𝐹, we get,  
𝑥2−𝑥𝑦+𝑦2

𝑥2(𝑥−𝑦)
𝑑𝑥 −

𝑥𝑦

𝑥2(𝑥−𝑦)
𝑑𝑦 = 0 

  ∴
𝑥2−𝑥𝑦

𝑥2(𝑥−𝑦)
𝑑𝑥 +

𝑦2

𝑥2(𝑥−𝑦)
𝑑𝑥 −

𝑦

𝑥(𝑥−𝑦)
𝑑𝑦 = 0 

  ∴ [
1

𝑥
+

1

𝑥−𝑦
−

1

𝑥
−

𝑦

𝑥2
] 𝑑𝑥 + [

1

𝑥
−

1

𝑥−𝑦
] 𝑑𝑦 = 0   (By partial fraction) 

  ∴ [
1

𝑥−𝑦
−

𝑦

𝑥2] 𝑑𝑥 + [
1

𝑥
−

1

𝑥−𝑦
] 𝑑𝑦 = 0 

  ∴ ∫ 𝑀 𝑑𝑥 = ∫
𝑑𝑥

𝑥−𝑦
− ∫

𝑦

𝑥2 𝑑𝑥 = log(𝑥 − 𝑦) +
𝑦

𝑥
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  ∫(terms in 𝑁 free from 𝑥) 𝑑𝑦 = 0  

  ∴ The solution is log(𝑥 − 𝑦) +
𝑦

𝑥
= 𝑐 

6. (𝑥𝑦 𝑠𝑖𝑛 𝑥𝑦 +  𝑐𝑜𝑠 𝑥𝑦) 𝑦 𝑑𝑥 + (𝑥𝑦 𝑠𝑖𝑛 𝑥𝑦 –  𝑐𝑜𝑠 𝑥𝑦) 𝑥 𝑑𝑦 =  0 

Solution: We have, 𝑀 = (𝑥𝑦 𝑠𝑖𝑛 𝑥𝑦 +  𝑐𝑜𝑠 𝑥𝑦) 𝑦 and 𝑁 =  (𝑥𝑦 𝑠𝑖𝑛 𝑥𝑦 –  𝑐𝑜𝑠 𝑥𝑦) 𝑥  

  The DE is not exact. (show this !!!) 

  𝑀𝑥 − 𝑁𝑦 = 𝑥2𝑦2 sin 𝑥𝑦 + 𝑥𝑦 cos 𝑥𝑦 − 𝑥2𝑦2 sin 𝑥𝑦 + 𝑥𝑦 cos 𝑥𝑦 = 2𝑥𝑦 cos 𝑥𝑦  

  ∴ 𝐼𝐹 =
1

𝑀𝑥−𝑁𝑦
=

1

2𝑥𝑦 cos 𝑥𝑦
 

  Multiply the given equation by 𝐼𝐹, we get,  
1

2
(𝑦 tan 𝑥𝑦 +

1

𝑥
) 𝑑𝑥 +

1

2
(𝑥 tan 𝑥𝑦 −

1

𝑦
) 𝑑𝑦 = 0

  

  ∴ (𝑦 tan 𝑥𝑦 +
1

𝑥
) 𝑑𝑥 + (𝑥 tan 𝑥𝑦 −

1

𝑦
) 𝑑𝑦 = 0, which is exact  

  ∴ ∫ 𝑀 𝑑𝑥 = ∫ (𝑦 tan 𝑥𝑦 +
1

𝑥
) 𝑑𝑥 = log sec 𝑥𝑦 + log 𝑥 

  ∫(terms in 𝑁 free from 𝑥) 𝑑𝑦 = ∫ −
1

𝑦
𝑑𝑦 = − log 𝑦 

  ∴ The solution is      log sec 𝑥𝑦 + log 𝑥 = log 𝑦 + log 𝑐       i.e. 𝑥 sec 𝑥𝑦 = 𝑐𝑦 

 

7. (𝑥2𝑦 –  2𝑥𝑦2)𝑑𝑥 – (𝑥3 – 3𝑥2𝑦)𝑑𝑦 =  0  

Solution : The DE is not exact. (show this !!!) 

  The given differential equation is homogeneous  

  and 𝑀𝑥 + 𝑁𝑦 = 𝑥3𝑦 − 2𝑥2𝑦2 − 𝑥3𝑦 + 3𝑥2𝑦2 = 𝑥2𝑦2 

  Hence, 
1

𝑀𝑥+𝑁𝑦
=

1

𝑥2𝑦2 is an integrating factor  

  Multiply the given equation by 𝐼𝐹, we get,  (
1

𝑦
−

2

𝑥
) 𝑑𝑥 + (−

𝑥

𝑦2 −
3

𝑦
) 𝑑𝑦 = 0 which is exact 

  Now, ∫ 𝑀 𝑑𝑥 = ∫ (
1

𝑦
−

2

𝑥
) 𝑑𝑥 =

𝑥

𝑦
− 2 log 𝑥 

  And ∫(terms in 𝑁 free from 𝑥) 𝑑𝑦 = ∫
3

𝑦
𝑑𝑦 = 3 log 𝑦 

  ∴ The solution is 
𝑥

𝑦
− 2 log 𝑥 + 3 log 𝑦 = − log 𝑐 

  i.e. 
𝑥

𝑦
+ log

𝑐𝑦3

𝑥2 = 0   i.e. log
𝑐𝑦3

𝑥2 = −
𝑥

𝑦
  i.e. 

𝑐𝑦3

𝑥2 = 𝑒−𝑥 𝑦⁄  

8. If 𝑓(𝑥) a function of 𝑥 only is an integrating factor of (𝑥4𝑒𝑥 − 2𝑚𝑥𝑦2)𝑑𝑥 + 2𝑚𝑥2𝑦𝑑𝑦 = 0. 

find 𝑓(𝑥) and  then solve the equation.    

Solution: The given equation is  (𝑥4𝑒𝑥 − 2𝑚𝑥𝑦2)𝑑𝑥 + 2𝑚𝑥2𝑦𝑑𝑦 = 0 

  Multiplying the equation by 𝑓(𝑥),   

  𝑓(𝑥) ∙ (𝑥4𝑒𝑥 − 2𝑚𝑥𝑦2)𝑑𝑥 + 𝑓(𝑥) ∙ 2𝑚𝑥2𝑦𝑑𝑦 = 0  

  ∴ 𝑀 = 𝑓(𝑥) ∙ (𝑥4𝑒𝑥 − 2𝑚𝑥𝑦2),     𝑁 = 𝑓(𝑥) ∙ 2𝑚𝑥2𝑦 

  ∴
𝜕𝑀

𝜕𝑦
= 𝑓(𝑥)(−4𝑚 𝑥𝑦),         

𝜕𝑁

𝜕𝑥
= 𝑓(𝑥)4𝑚 𝑥𝑦 + 𝑓′(𝑥)2𝑚𝑥2𝑦 

  Since, now equation is exact    ∴
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
           

  ∴ 𝑓(𝑥)(−4𝑚 𝑥𝑦) = 𝑓(𝑥)4𝑚 𝑥𝑦 + 𝑓′(𝑥)2𝑚𝑥2𝑦 

  ∴ −4𝑚𝑥𝑦 ∙ 𝑓(𝑥) = 𝑓′(𝑥) ∙ 𝑚𝑥2𝑦 

  ∴ 𝑓′(𝑥) = −
4

𝑥
 𝑓(𝑥)                   ∴

𝑓′(𝑥)

𝑓(𝑥)
= −

4

𝑥
 ∴ ∫

𝑓′(𝑥)

𝑓(𝑥)
𝑑𝑥 = −4 ∫

𝑑𝑥

𝑥
  

  ∴ log 𝑓(𝑥) = −4 log 𝑥 = log 𝑥−4  
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  ∴ 𝑓(𝑥) = 𝑥−4 

  Now, multiply the given equation by 𝑥−4 so that it becomes exact and solve as above.  

   

9. If (𝑥 + 𝑦)𝑘 is an integrating factor of (4𝑥2  +  2𝑥𝑦 +  6𝑦) 𝑑𝑥 +  (2𝑥2 + 9𝑦 + 3𝑥) 𝑑𝑦 =  0. 
find k and solve the equation.     

Solution: The given equation is  (4𝑥2  +  2𝑥𝑦 +  6𝑦) 𝑑𝑥 +  (2𝑥2 + 9𝑦 + 3𝑥) 𝑑𝑦 =  0. 

  Multiplying the equation by (𝑥 + 𝑦)𝑘, we get,  

  (𝑥 + 𝑦)𝑘(4𝑥2 + 2𝑥𝑦 + 6𝑦)𝑑𝑥 + (𝑥 + 𝑦)𝑘(2𝑥2 + 9𝑦 + 3𝑥)𝑑𝑦 = 0 …………… (1) 

  ∴ 𝑀 = (𝑥 + 𝑦)𝑘(4𝑥2 + 2𝑥𝑦 + 6𝑦),     𝑁 = (𝑥 + 𝑦)𝑘(2𝑥2 + 9𝑦 + 3𝑥) 

  ∴
𝜕𝑀

𝜕𝑦
= 𝑘(𝑥 + 𝑦)𝑘−1(4𝑥2 + 2𝑥𝑦 + 6𝑦) + (𝑥 + 𝑦)𝑘(2𝑥 + 6),      

                          
𝜕𝑁

𝜕𝑥
= 𝑘(𝑥 + 𝑦)𝑘−1(2𝑥2 + 9𝑦 + 3𝑥) + (𝑥 + 𝑦)𝑘(4𝑥 + 3) 

  Since, now equation is exact    ∴
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
           

  ∴ 𝑘(𝑥 + 𝑦)𝑘−1(4𝑥2 + 2𝑥𝑦 + 6𝑦) + (𝑥 + 𝑦)𝑘(2𝑥 + 6) 

                                       = 𝑘(𝑥 + 𝑦)𝑘−1(2𝑥2 + 9𝑦 + 3𝑥) + (𝑥 + 𝑦)𝑘(4𝑥 + 3) 

  ∴ 𝑘(4𝑥2 + 2𝑥𝑦 + 6𝑦) + (𝑥 + 𝑦)(2𝑥 + 6) = 𝑘(2𝑥2 + 9𝑦 + 3𝑥) + (𝑥 + 𝑦)(4𝑥 + 3) 

∴ 4𝑘𝑥2 + 2𝑘𝑥𝑦 + 6𝑘𝑦 + 2𝑥2 + 6𝑥 + 2𝑥𝑦 + 6𝑦 = 2𝑘𝑥2 + 9𝑘𝑦 + 3𝑘𝑥 + 4𝑥2 + 3𝑥 + 4𝑥𝑦 + 3𝑦 

  ∴ 𝑘(2𝑥2 + 2𝑥𝑦 − 3𝑦 − 3𝑥) = (2𝑥2 + 2𝑥𝑦 − 3𝑦 − 3𝑥)                   ∴ 𝑘 = 1 

  Putting 𝑘 = 1 in (1), we get,  

  (𝑥 + 𝑦)(4𝑥2 + 2𝑥𝑦 + 6𝑦)𝑑𝑥 + (𝑥 + 𝑦)(2𝑥2 + 9𝑦 + 3𝑥)𝑑𝑦 = 0   which is exact  

(4𝑥3 + 2𝑥2𝑦 + 6𝑥𝑦 + 4𝑥2𝑦 + 2𝑥𝑦2 + 6𝑦2)𝑑𝑥 + (2𝑥3 + 9𝑥𝑦 + 3𝑥2 + 2𝑥2𝑦 + 9𝑦2 + 3𝑥𝑦)𝑑𝑦 = 0 

  ∴ (4𝑥3 + 6𝑥2𝑦 + 6𝑥𝑦 + 2𝑥𝑦2 + 6𝑦2)𝑑𝑥 + (2𝑥3 + 12𝑥𝑦 + 3𝑥2 + 2𝑥2𝑦 + 9𝑦2)𝑑𝑦 = 0 

 ∴ ∫ 𝑀 𝑑𝑥 = ∫(4𝑥3 + 6𝑥2𝑦 + 6𝑥𝑦 + 2𝑥𝑦2 + 6𝑦2) 𝑑𝑥 = 𝑥4 + 2𝑥3𝑦 + 3𝑥2𝑦 + 𝑥2𝑦2 + 6𝑦2𝑥 

  ∫(Terms in 𝑀 free from 𝑦) 𝑑𝑦 = ∫ 9𝑦2 𝑑𝑦 = 3𝑦3 

  ∴ The solution is 𝑥4 + 2𝑥3𝑦 + 3𝑥2𝑦 + 𝑥2𝑦2 + 6𝑦2𝑥 + 3𝑦3 = 𝑐 

 


