KJSCE-SVU AM-II

INTEGRATING FACTOR :

Some times a given differential equation is not exact but is rendered exact if it is multiplied by a
suitable factor, Such a factor is called an Integrating Factor

Standard rules of obtaining integrating factors.

Rule 1: If (a—M — a—N)/N is a function of x only, say f(x) then e/ ®)4% s an integrating factor.

dy dx
Rule2: If (‘;—Iyw — Z—I:)/M is a function of y only say f(y) then e~ JTOY jsan integrating factor.

Rule 3 : If the equation is of the form f;(xy) y dx + f,(xy) xdy = 0and Mx - Ny =0 then
1/(Mx — Ny) is an integrating factor.

Rule 4 : If the equation M dx + N dy = 0 is homogeneous and Mx + Ny =0 then
1/(Mx + Ny) is an integrating factor.

EXAMPLES:
1. (% 4+ y? +1dx—2xydy =0
Solution: We have, M = x2 + y2 + 1and N = —2xy g—"; = 2y,3—: = -2y
(G5 _ o _ 2
. Y X/ _ — & _
TN T —2xy x_f(x)

1
x2

L y2 o1 2y L
Multiplying by the IF, we get, (1 t5+ ;) dx + (— 7) dy = 0, which is exact

o JF = el ~@/0)dx — p-2logx — elog(l/xz) _

Now,fde=f(1+i—z+xiz)dx:x_Y_z_l and

X X
[ Ndy = [(terms in N free from x) dy = 0
2
= The solution is x — y? — % =ciex?—y*—1=cx

2. y(xy + e¥)dx—e*dy = 0

Solution: Wehave, M = y(xy + e*)and N = —e”* aa—'l; =2xy +e*and g—: = —e*
(a_N_a_M) e*-2xy—e* 2(xy+e*) 2
. \ox oy/) _ —€"— - _ - _ - —
oM yy+e®)  y(xy+e¥)  y f)

o JF = el (=2/9dy — p-2logy — plog(1/y*) = L

yZ
Multiply the given equation by IF, we get, (x + ey—x) dx — ;—Zdy = 0, which is exact

2

-'-fde=f(x+e;—x)dx=x7+§

[(terms in N free from x) dy = 0

2
- The solution is x? +< =¢

e
y
dy x%y3+2y
3. o _xytw
dx 2x—2x3y2
Solution: The equation can be written as (x2y3 + 2y)dx + (2x — 2x3y?)dy = 0
i.e. y(2 + x%y?)dx + x(2 — 2x%y?)dy = 0

We have, M = y(2 + x?y?) and N = x(2 — 2x?y?)
oM

oy = 2 + 3x%y? and g—: =2 —6x%y?  The DE is not exact.
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Mx — Ny = 2xy + x3y3 — 2xy + 2x3y3 = 3x3y3 % 0

1 1
S F = =
Mx—Ny  3x3y3

Multiply the given equation by IF, we get, (% + 77

)dx+(3x§y3—%) dy =0
Now, [ M dx = [ (5-+—

3x  3x3y?

=1 —
)dx—3logx 7y
And [(terms in N free from x) dy = f—%y dy = —glogy
| 1 2
=~ The solution is glogx EErovi glogy =c
o1 x 1
..Elogﬁ— - = C
, y y Y —
4, [2xsmh(;)+3ycos h(;)]dx—Sx.cosh(;).dy—O

Solution: Here, M = 2x sinh G) + 3y cosh G) and N = —3x cosh G)

3—1: = 2x - cosh (%) . i + 3 cosh (%) + 3y sinh (%) . % = 5 cosh (%) + 373’ sinh (%)
Z—: = —3 cosh G) — 3x sinh G) . (— %) = —3 cosh G) + 3%sin G)

The DE is not exact.

. (“33_1\3:1_3_1;/) _ 8cosh(x) _ 8
- N - —3xcosh?%) T f(x)

~IF = eff(x)dx — ef—(8/3x)dx — e—(8/3) logx — x—(8/3)

Multiply the given equation by IF, we get,

[2x‘5/3 - sinh G) +3x7%/3 .y cosh (%)] dx — 3x~%/% - cosh (%) -dy =0
Since [ M dx is rather a complex integral

~ [ N dy treating x constant

= [ —3x7%/3 - cosh (%) dy = —3x75/3 - sinh G) -x = —3x72/3 - sinh (%)
[(terms in M free from y) dx = 0
~. The solution is x~2/3 - sinh (X) =—==c
X

5. Solve (x? —xy + y?)dx — xydy = 0
Solution: The DE is not exact. (show this !l!)
The given differential equation is homogeneous
and Mx + Ny = x3 — x?y + xy? —xy? = x*(x — y)
1
U (Mx+Ny) ~ x2(x—)

is an integrating factor

Multiply the given equation by IF, we get, %dx — ng;y_y) dy =0

xf(:; ngcz—y) B x(xy—y) dy =0

E + ﬁ _ i _ xY_Z] dx + E _ ﬁ] dy =0 (By partial fraction)
[ﬁ—;—z]dx+ E—ﬁ]dy =0

. _ (9 _ry — _ Y
--fde—fx_y fxzdx—log(x y)+x
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[(terms in N free from x) dy = 0
= The solution is log(x — y) + % =c

6. (xysinxy + cosxy)ydx + (xysinxy- cosxy)xdy = 0
Solution: We have, M = (xy sinxy + cosxy)yand N = (xy sinxy - cos xy) x
The DE is not exact. (show this II)
Mx — Ny = x2y?sinxy + xy cos xy — x%y? sinxy + xy cos xy = 2xy cos xy

1 1
S F = =
Mx—Ny  2xycosxy

Multiply the given equation by IF, we get, %(y tanxy + i) dx + % (x tan xy — %) dy=0

1 1 . .
o (y tan xy + ;) dx + (x tan xy — ;) dy = 0, which is exact
1
“[Mdx = f(ytanxy +;) dx = logsecxy + logx
[(terms in N free from x) dy = f—%dy = —logy

=~ The solutionis  logsecxy +logx =logy +logc  i.e.xsecxy =cy

7. (x%y- 2xy®dx- (x3-3x%y)dy = 0
Solution : The DE is not exact. (show this !1)
The given differential equation is homogeneous
and Mx + Ny = x3y — 2x?y? — x3y + 3x%y? = x%y?

1

1 . . .
Hence, = IS an Integrating factor
Mx+Ny  x2y2

Multiply the given equation by IF, we get, (% - %) dx + (— % - s) dy = 0 which is exact
1 2 x
NOW,fMdX = f(;—;)dx —;—ZIng

And [ (terms in N free from x) dy = f%dy = 3logy

= The solution is % —2logx + 3logy = —logc
i.e.§+1ogcxif= 0 ie. log = = e 2 = e/
8. If f(x) afunction of x only is an integrating factor of (x*e* — 2mxy?)dx + 2mx?ydy = 0.
find f(x) and then solve the equation.
Solution: The given equationis (x*e* — 2mxy?)dx + 2mx?ydy = 0
Multiplying the equation by f(x),
f(x) - (x*e* — 2mxy?)dx + f(x) - 2mx2ydy = 0
“ M= f(x) (x*e* — 2mxy?), N = f(x)-2mx?y
“ = fOO(—4mxy), 5= f@4mxy + f(0)2maly
., oM _ ON
ay x
~ f)(=4mxy) = f(x)dmxy + f'(x)2mx*y
s —4mxy - f(x) = f'(x) - mx®y
U6y Tl AT
~logf(x) = —4logx = logx™*

Since, now equation is exact
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s fle) =x*

Now, multiply the given equation by x~* so that it becomes exact and solve as above.

9. If (x + y)*is an integrating factor of (4x? + 2xy + 6y) dx + (2x?> + 9y + 3x)dy = 0.
find k and solve the equation.

Solution: The given equationis (4x? + 2xy + 6y)dx+ (2x> +9y + 3x)dy = 0.
Multiplying the equation by (x + y)¥, we get,
(x +y)*(4x? + 2xy + 6y)dx + (x + Y)*Q2x%2 + 9y +3x)dy =0 ............... (D
= (x +Y)*(4x% + 2xy + 6y), N = (x +y)*(2x? + 9y + 3x)
E = k(x + y)* 1(4x? + 2xy + 6y) + (x + y)*(2x + 6),

= = k(x +y)F1(2x2 + 9y + 3x) + (x + )" (4x + 3)

aM aN
o ay ax

2 k(x + )1 (4x? + 2xy + 6y) + (x + y)*(2x + 6)
=k(x + ) 1(2x%2 + 9y + 3x) + (x + y)*(4x + 3)

2 k(Ax? +2xy+6y) + (x +y)2x +6) = k(2x2 + 9y + 3x) + (x + y)(4x + 3)

o 4kx? + 2kxy + 6ky + 2x% + 6x + 2xy + 6y = 2kx? + 9ky + 3kx + 4x? + 3x + 4xy + 3y
o~ k(2x? + 2xy — 3y — 3x) = (2x? + 2xy — 3y — 3x) ~k=1
Putting kK = 1 in (1), we get,
(x + y)(4x?% 4+ 2xy + 6y)dx + (x + y)(2x% + 9y + 3x)dy = 0 which is exact

(4x3 + 2x%y + 6xy + 4x%y + 2xy? + 6y?)dx + (2x3 + 9xy + 3x? + 2x%y + 9y? + 3xy)dy = 0
o (4x3 + 6x2%y + 6xy + 2xy? + 6y2)dx + (2x3 + 12xy + 3x% + 2x%y + 9y?)dy = 0
o [Mdx = [(4x3 + 6x%y + 6xy + 2xy? + 6y?) dx = x* + 2x3y + 3x%y + x?y? + 6y°x

[(Terms in M free from y) dy = [ 9y? dy = 3y3
=~ The solution is x* + 2x3y + 3x%y + x2y? + 6y?x + 3y3 = ¢

Since, now equation is exact
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