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EXACT DIFFERENTIAL EQUATIONS:

Definition : A differential equation which is obtained from its primitive differentiation only and
without any operation of elimination or reduction is called an exact differential equation.

If u = c where u is a function of x and y is primitive then du = Z—;‘dx + Z—zdy = 0 is an exact

differential equation. Thus, an exact differential equation is obtained from its promitive by equating its
total differential to zero.

For example, If u = x? + y? = cthendu = Z—de + g—;ldy = 2xdx + 2ydy
Equating du = 0, we get the equation x dx + y dy = 0 which is exact.

oN

The Necessary and Sufficient Condition for equation Mdx + Ndy = 0 to be exact is ';—IZ =

I.e. If the equation M dx + N dy = 0 is exact, then M _ 2N and conversely if 22 = 2 then
dy  ox dy  ax

Mdx + Ndy = 0isexact.

Rule for finding the solution:

Rule 1: Integrate M w.r.t x treating y constant and Integrate only those terms in N which are free from
x w.r.t. y. Equate the sum to a constant. This is the solution.

In symbols, [ M dx (treating y constant) + [(Terms in N free from x) dy =

Rule 2: Integrate N w.r.t y treating x constant and Integrate only those terms in M which are free from
y w.r.t. x. Equate the sum to a constant. This is the solution.

In symbols, [ N dy (treating x constant) + [(Terms in M free from y) dx = ¢

EXAMPLES:

1. xdx + ydy — 2xdyy dx)

2+y2

}dx+{y— xyz}dy= 0

Solution:The equation can be written as {

. _ ay oM a Zay2 _ax?-ay?
~M=x+ x24y2’ e dy - x2+y2 (x2+y2)2 - (x2+y2)2
"N = ax LON . a 2ax?  _ ax?-ay?
Y- 2+y Tax T x24y2 | (x2+y2)2  (x2+y2)2
Slnce == —, the equation is exact
_ _x? 1 1 (x) _x? ) _1 (x)
Nowadx [xdx+ay[ 2+2—2+ay Stan™ (T) =5 +a-tan™ (D

2

And [(terms in N free fromx)dy = [ydy = y?
- This solution is *= + v +atan™?! (5) =cie x?+y?+2atan™?! (f) =c
2 2 y y

2. 2(1+x%/y)ydx + (x*\/y +2)xdy =0
Solution:Here, M = 2y + Zx2 3/2,N =x3[y + 2x

.M _ 2y,1/2, N _ 3,2 . OM _ 9N .
o5 = 2+3x%y =3x%[y +2 35y = 5% TNe equation is exact
Now, [ M dx = (Zy + 2x2y3/2) dx = 2xy + §x3y3/2

And [(terms in N free fromx)dy = [0-dy =0
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=~ The solution is 2xy + §x3y3/2 =c

3. lcos()dx——cos()dy+2xdx—0

Solution: We have [Zx + —cos (X)] dx + [— - COoS %] dy=0

M = 2x+ —Cos Yand N = ——cosx
oM _ 1 X)__- (3’) 1oV _ 1 (X)_l- (X).l
o 6y_x2COS(x x251n oy 6x_x2COS x xSln x) x2
oM . .
Since == = —, the equation is exact

-'-fdezf(2x+ cos )dx—fodx+fcos() 3—2dx=x2+12
Forlz,put——t ——dx—dt

-'-fde=x2—fcostdt=x2—sint=x2—sin(%)
[(terms in N free from x) dy = 0

- The solution is x2 — sin% =c

4. (1 + ex/y)dx + e*/y (1 — 3) dy =0, giveny(0) =4

Solution: Here M = 1 + e*/Y,N = */¥ (1 - i)

. oM x/y(_i).a_N_ x/y . _( _ X\ _ x/y(l)_ x/Y(_i
”6y_e y? "ox € 1 y) ¢ y - ¢ yz)

oM _ aN L
~ — = —. The equation is exact
ady dx

wMdx=[(1+e*”)dx =x+ ye*/”
f(termsin N free fromx)dy = [0dy =0
= The solution is x + ye*/Y = ¢

By datawhen x =0,y = 4 “4=c

The particular solution is x + ye*/Y = 4
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