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Similarly, we have, ,
aylay) ay2 7" oylox dy 0X
o (02). P2y
and  5y\5y) axay ¥
i 0%z _
are equal in general, they need Mot be

——

and
It may be noted that although ax3y 3y ax

always.

5. Partial Derivatives of Some Standard Functions

Using the above definition i.e. treating y constant while partially differentiating z w.r.. x a
treating x constant while partially differentiating z w.r.t. y, we can write down partial derivatives

some standard functions.

9z 0z
1. fz=k, —=0, —=0.
ax oy .
tz=1(y), 2=0b i
= Ik 0 because f(y) is constant for partial differentiation w.r.t. x.

_ 0z .
If z=f(x), 3, = 0 because f(x) is constant for partial differentiation w.r.t. y.

_ d
2. Ifz=x"y", a{:nx""-ym;;;-:x"-mym"
€ o )
For example, if z = x2 3, a_f=2xy3' 25=3x2y2.
d ™
3. If z=sin (x+ y), 9z _ 0z
ox _ Cos(x+y); 3y = Cos(x+y)
d — Xty 0z
4. If z= "7, ‘a7=ex+y; .a_z_=ex+y
dy
5. Ifz=log (x + y), 9z__1 0z 1
IX x+y' W x+y
6. lfz:sin“(—{J, 9z 1 1
y F R A e Rl S
*oV1-y?) (y) N
0z 1 yoox
Jy |- X|_
. "z=lan—1(£} oz 4 v
y X 11(x202 T =—Y
YOy TR
9z 1 X
or vy (s
8. It z=x" i')fiyxyq,az , "X
- — = X7 o
dX dy o [ Note ths
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Appli Partial Differentiation

standa"d Rules

If uand vare func.tions of x'and Y possessing partial derivatives of the first order, then we can
use standard rules of differentiation of sum, difference, product and quotient of u and v as stated

below. 3
1. fz=uzv, -—Z=Ei£.i{=ﬁﬂia—v
dx dx dx' dy Jy gy
9z _ v du 9z v gy
=uv, —=U—+V—, —=y= —
2. Ifz=uwv ax 0X  ox dy uay+vay
aU 3V au av
V—-u— -
. = ] ax Vz 15';-—_——v2

Type | : Partial Differentiation using Standard Rules

Example1:1f z = ax® + by? + 2ab xy, find E a_z
Ix dy

0z dz
.:Weh —=2ax+2aby ; ==
Sol, : We have I Y 3y 2by + 2abx.

Example 2 : If u = e* sin xsin y, find 5’2, QE
dx dy
aw . X .
Sol. : 5;:8 sinxsiny +e” cos xsiny

W _ e* sinxcos
ay 4

Solved Examples : Class (a) : 3 Marks

2
Example 1 (a) : If 2 (x+y)=x-y,find (95 ~9£) . (M.U. 2016)
dx dy
Sol. : We have z = X =¥
Xty
9 _(x+y)()-(x-y)(1) _ 2
ox (x+ y)? (x+y)
02 _(X+y)-1)-(x-y)(1) 2
oy (x+y)? (x+y)*
[_@g_ggfz{zmx ©
XAy) Ly (xe P
Example 2 (a) ; Z(x+y)=(x%+y?), prove that
2
[E_a_{ i 1_?_1_3{J, (M.U. 1991, 98, 2002)
dx dy dx dy

Sol. : Since M
X+y
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9z _ ():+y)2Jr—(,\'2+y2)= x4 2xy -y

ax (x+y)° (x+y)
az_(x+y)2y-(x2+y2)=-x2+2xy+y2
oy (x+y) (x+y)?
2
Lhs jx"’+2xy—y2+x2~2xy—y2J ___[2.(X2-y2) ?
| o (x+y)° (x+y)?
f r 2
: =|2. ﬂ) =4(X_y)2
| (x+y (x+y)2
2 2
r.hs.=41—x2+2xy2y - x2+2xy2+yJ
(x+y) (x+y)
-2yt (x-y)
=4 2 =4 2
(x+y) (x+y)
Lh.s.=rhs.
. du o
Example 3 (a) : If u =tan™' % find the value of gx_g + ﬁ (M.U. 2010, 14
Sol. : We have
@_‘_(JJ_Y_ u__ 11X
0 1+(2F) L) ey 0y 14(AE) X 24y
o%u -1 3% -1
N y, T =~ '—_2X; _=X‘——'(2
"o iy’ Py
v
—+—5 =0,
ax  ay?

X (MU, 2014)

ar
Example 4 (a) : If x= cos 0 - rsin 6, y = sin 0 + r cos 0, prove that Friirs

Sol. : Squaring, we get 0
X2+ y2= cos? 0 + r2 sin? 0-2rsin 0 cos 0 + sin? @ + 2 cos® 0 + 2rsin 0605

= (cos? 0 + sin? 0) + r2 (cos? 0 + sin? 0) =1+ r?

r?=x%4 y2 -1
Differentiating this partially w.r.t. x,
2 rﬂ =2x ﬂ _X
ax ox r

i i EXERCISE - II ] i

Class (a) : 3 Marks
1. Find the partial derivatives of the following functions.
1.x2y34 432 2.2x% 4 3xy+ y2 3.log x-siny 4.sinXC

os )y

>
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3 SiX 6. e"siny 7.10%-cos y 8.3 -tany
cos y
9. 10. 5~ Mn.2*sinycosz 12,0y’ 7
X2yt x° 4y
v, 2.2 3,. i‘{_ _‘?_li=3x+2 ;
[ARS. : (1)———2xy +3x%y?, '(.W-&".V +2x7y; (2) ax—4x+3y- 3y y
siny ou u v _ . ik aie
.___= , — =logxcos 4y — =COS XCOS Y, — = sinxsiny,;
@) X x ay gxcosy: ()ax ¢ dy
cosx du sin x . au Jau
— = , —=— esiny; 6 —~—e siny,  —e*cosy,;
(5) ax cosy' 9y  cos’y yi © ay
ou . oY  nx au X onn2 .
= . — =-10" . 9Y _g3X|pg3tany, —— =3 S€c Y,
(7) =10"log10-cosy 3y siny; (8) o x g y 3y
g ou _ 2 _ x2 u___ 2xy (10)3—”—— —2xy au X2 - y2
T A Y A T R S A TP
(11)——:2’Iog2-sinycosz+2‘cosycosz—2"sinysinz:
au x 3,2 x,2,2 x,3
(12)a—-=e y°z° +3e'y“z" +2e y°z.]
x
2 2
. Find the second order partial derivatives aa—;-, —a—% of the following functions.
1. x3y+xy° 2.e%-y?
3. x2—4ax2y+5y° 4. e*log y + sin y log Xx.
?%u o%u ?%u %u
Ans.: (1) — = 6xy, — =6xy. 2 ——H=e cy?, — =2e*;
[ (1) — yayz y (2) % 3y?
2, 2,
(3)L_2 8y, -‘3—_10
%
2 82 X
(4)a—=elogy—smy ——%=—%—siny~logx.]
x? oy y
Class (a) : 3 Marks
2 2
1. If u = e sinby, prove that o 9 .
dxdy dyodx
2. Ifu=sin‘x,provethatx?ﬂ«vy———o.
y dy
3. Ifu-f-+1, rovethatxa—u+ LA
y "x'P ax Yoy
4, Ifu=x2y+y22+22x, provethatxg+y§£ zau 3u.
ax ay 9z

(Examples 2, 3 and 4 can also be solved by using Eulers theorem. See Chapter 7.)

5.

- 2 2
tu=tan""Y, prove that 24 + 2% o,
X ax< oy
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6. Differentiation of a Function of a Function

Let z= f(u) and u= P (x, y) so that zis function of u, and uitself is a function ofty, inde
variables x and y. The two relations define zas a function of x and y. In such caseg Zmay;,, _:{:,,
a function of a function of x and y. Aleg

e.g. (i)z=l andu=\/x2+y2. (i) z=tan u and u=x?+ y?
u

define z as a function of a function of x and y.
Differentiation : If z= f(u) is differentiable function of uand u = (x, y) possesses firs .,

partial derivatives, then

0z dz du 0z du

— T — ) — H —_—= ,' u —_—

ox du ax e 9x ( )ax
Similarly, g—j - gz . g;’ - f'(u)%.

e.g. If z=(ax + by)", then
iZ—=n(a,\r+ by)"'«a and E=’7(51‘X+b}’)n—1'b
ax oy

The rule can be easily remembered with the help of the tree diagram
~given on the right.

We consider below some standard functions of the type z = f(u).
1. If z=u", then 9z _ nu"‘1a—u and 9z _ nu""?ﬂ_
dax ax 3% dy

e.g. if z=(2x+3y)°, then

0z 4 0z 4
—=5(2x+3y) +2 and — =5 .
ax ( 2] 3y (2x + 3y)*+3

0z 1 du 0z 1 Ju

2. Ifz=yJu,then — =—=+— and —=—_.=
‘/E ax 2\/(7 X dy 2\/6 ady

eg.,if z= ‘/(4x -5y), then

0z 1 0z 1
— =4 and —=——______,(-5
ax 2 J(4x - 5y) dy 2 [(4x-5y) i)
3. Ifz=sin y, then—a—z=cosua—u and a—z-=cosuﬂ
dx 0x dy ay

e.g. if z=sin (2x - y), then

9z _ 2 0z
oy = Co8(2x-y)+2 and 5=005(2X—y)(—1)

4. |fz=cosu.then§—z=—sinu§£ and 9% - _siny Y
x :

. dx dy J
e.g.if z=cos (3x - 2y), then ’

0z 74
a—x-—sln(ax—Zy)-(S) and W:-sin(ax—2y)(—2)

5. If z=tan u, then a—z = sec? u_al and E =sec?y =
0x 9x oy ay’
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e.g. Ifz=tan (3x + 2y), then
24 9z
—=8ec"(3x+2y)+3 and — =sec?(3x +2y)+?2
3~ 80 (3K %2y} 3y =S Bx+2y)¢
0z au 0z au
=e'then —=e"— and Z-g'Z,
6. Ifz=e = = y e .
e.g. if z=e>*"¥ then
9z _ e~ .3 and 9z
X ay
0z 1 du 0z 1 du
then — = —+ — and —-= = '
7. Mz= log v, Toialrvidnd 55 % "oy
e.g., if Z=log (3x + 7)), then
2 ! *3 an 92 ;-]
ax (3x+7y) Ay (Bx+7y)

- eax-4y(_4)

Type Il : Partial Derivatives of First Order of a Function of a Function : Class (a) : 3 Marks

Example 1 (a):lfu-cos(\/_ ./_ ), prove that

3i y_+ (J' + Jy)sin(¥x + Jy) = 0.

Sol. : We have g—:=—sin(&+ﬁ)-—; g—;=-5in(&+ﬁ)ﬁ—;.
xg—:+yg—y=-sm( W) S ()
xg—z+y—+—(\/— Jy)sin(x + y) =o.

Example 2 (a) : If u = sm(f Jy ) provethatxa—+y-—: ‘/_ J_)°°5‘F '/—)'

Sol. : Prove it.

(For another method to solve this example, see Ex. 10, page 7-11.)

0z 02
Example 3 (a) fz= eauby f(ax - by)' prOVB that ng— + 857 =2abz
Sol.: Let ax + by = y and ax-by=v

ou ou v v

—_—= a' — =0, —= al ‘_b

ox dy ax ay
Hence, z - e“-f(v)

av

e

=g ca«f(v)+e'«1'(v)+a

!(v)—e a Loty +e’s ’(V)--

Also, 92

v —=¢gY

9y 9y

-I(v)+e“-!'(v)§—;- =g'sbef(v)+e"«f'(v)e(=b)

0z 9z
b= =< _ u - ]
x +a 3y 2abe” f(v)=2abz
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Example 4 (a) : If u=(1-2xy + yzg , prove that
du 23
K==a o m Yl (M.U. 1999,
a ay 99)2m4'05'03]
2\-1/2
Sol. : Since u = (1- 2xy + y°) ,
u_ 1 2-3/2 Loy = 3 oo
a=-5(1—2xy+y ) ( y) y {‘)X qu
ou 1 2,-3/2 —(x—w\d . Ju
—=——(1=2xy+y°) " (=2x42y) = (x=y)u°® . Y _ Ve 23
Also, %y 5 (1-2% P (7~ ),
u du
oy Zoxydd —xyu +y T _yu
xax yay 4
Example 5 (a) : If u=log (tan x + tan y), prove that
sin 2xa— + $|n2y22 =2. (M.U. 1991, 2003, 05, 19, 12,1
ax ay
Sol.:Weh ﬂ=—-1——sec2x
0.+ 1le have ox tanx+tany
sin2xﬂ=2sinxcosx——-_-sec2x=2._m'nx_
ax (tan x + tan y) tanx +tany

Similarly, sin2yg—u=2. tany

y tanx+tany’
sin2x 2 sinZyM _p. lanx+ttany
ox dy tan x + tan y
Similarly, prove that

ou

-1 ou
sin2x— + sin2y — 22— =2,
P sin yay+sm 22
.Example 6 (a) : Ifu=f[x2+y2+22] X=1rc0s 0.cos B, y= rcos asin B, z= rsin o, show e
u_du_, (M. 1969
doo  of

Sol. : From data,

x2+y +2%= r?cog? a cos? B+ r? cos?  sin2 B+r2sina
x2+y +zz= r2cos2a+r23m2a = r?
u=f[x? +y +2z ]_f[r ]
oau _ou

=0 "* uis independent of o and
a3 ( pendent of aand 3 )

(M.U. 1996, 2000

X+y
Example 7 (a) : If u = 2 ;o Provethat u, + u, = u.

e +e y

ou 6" +a¥). gtV _ Xty  ox X+y oy

so',;We have '—-=(~iz_e__26\,i= e (9 )

X (e'.'.eY) (el+ey)2
u _ (%)

Similarly, e “(e7)
ey dy (e +e¥)?
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du du_e™V.(e¥+e¥) oty
ax ay (€*+e')? gyl

=u

o ‘ eXty+z

Similarly, prove thatif y= — thenu, + U, + u,=2u
X,y .z x T Uy T Uz=cl.
e +e’ +e

Class (b) : 6 Marks

Example 1(b): 1f 0 =t"e™""/** find n which will make

d6 l 2 39
ot 2 a, (M.U. 1986, 93, 2000, 02, 06)

Sol. : 90 _ N1, =14t | 40 o-rlat (__'f

S~———o

Also,

0(200)_ 9 r6) 1 3 s, 1408
ar( arJ_ar[ 2!) 2t ar( %= 2!{" r+3r26

4 2
IR AL Y 1Y -'—rie
2t| 2t 412 2t

1.9(,290) [ _3
p ar[r ar] [4{2 2!]6 .................... (2)

. Equating (1) and (2), we get
n_ 3 3

t 2t 2

Example 2 (b) : Find the value of nso that V= r" (3 cos® 0 - 1) satisfies the equation

or|" ar sin@ a0 d06

Sol. : We have by differentiating partially w.r.t. r,

rza—v:nr"”(acos"’0~1)
ar

i(,z BVJ+_1_ J [ in gi’lJ:o_ (M.U. 1995, 2001, 02, 06)

aV_ n-1 2
57 =nr'(3cos“0-1)

0 ;2 oV
or ar
Further differentiating partially w.r.t. 0,

av
20

] n(n+1)r"(3cos?0-1) (1)

=r" (-6cosBsin0) sine%\é:—Gr”sinzecose

I'?f’“’f:'pp-,,._vw“, = o e —
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-a_ sine.a_! =—-6r" [25inecos2 0 — sin® 0]
200 00
. _a__ s.neg.!] =-6r" (2cos 0 — sin® 0)
sin® 98 GL)
=-6r"(3cos?0-1)
Adding (1) and (2) and equating the result to zero, (by data) we get, @~ ‘
n(n+1)r"(3cos®0-1)-6 r"(3cosze—1) =0
[n(n+1)-6]r"(3cos?8-1)=0
P+n-6=0 - (n+3)(n-2)=0 . n=2 or —3.
Type il : Partial Derivatives of Second Order of a Function of a Function
Class (a) : 3 Marks
. 2, .,2 o°u 0%u
Example 1 (a) : If u=log (x* + y?), prove that = . (M., 2010
, dxdy dyodx
ou 1 . du 1
Sol.: Wehave —=———+2x and - o2
0X x4 y2 Iy x4+ y2 y
du [ 1 4xy
=2X|—-—5———5 |2y =-—12F
axay | (x2+y2)2“ (x2+y2)2
a2U =2y(_.——1__ 22X =~ 4xy
dyox T R BT T
Pu %
dxdy dyox’
d%u
Example 2 (a) : If u=2 (ax + by - k(x%+ y2)and a2 + b2 = k, evaluate *"+ af'
. 2
Sol. : We have So=4(ax+by)a-2kx - Al =43 -2k
4
and ou o%u
5"—4(ax+ b‘V)b 2ky -~ -—4b2 2k
2
Pu 92y

_._+_“__

02 ' 3,2 "M@ +PP) -4k =ak-ak=0 [ 2 +1? =k

E .
Xample 3 (a) : If ; = tan (y + ax) + (y- ax)¥2, show that —~ o’z =4 3 Z
_ I ay
d (M.U. 2002,
Sol.: We K 9z _
ave Py a-secz(y+ ax) - a-g-(y- ax)"z

03 09, 11'1n

0%z L
and 92 _ >
0x2 & 23902(Y+ax)-tan(y+ ax)+;52.%(‘\/--@")’”2
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9z 2 3
., — =sec +ax)+ = (y — ax)'’?
Also 3y (y ) + 2(y ax)

3%z
and 5F=25962(y+ax)'tan(y+ax)+—i-(y—ax)—wz .................... (2)
2 2
From (1) and (2), we see that 2 = a° E
x> oy?
2 2 2
Example 4 (a) : If z=log (e* + e”), show that rt— s2 = 0 where r = _Q_z t= _a_z_ s= __q__z_
a2’ ay? dxdy
(M.U. 2016)
We hav 9z _ &~ . Pz _(e"+e)e¥—e¥(e") e**Y
Sol.: We have &= e* +e¥ ax? (e* + &¥)? - (e* + &¥)?

2z _ e _ azz_(e'+ey)ey—e”(ey)_ ety

oy e +e¥ ay? (e* +e¥)? (e* + e”)?
Now azz = e __.___.1—.ey =__6L

2 ex-l-y ek-‘-y eX+y 2

rnt-s? = . |-
(e +e¥)? (X +e¥)? (e* + e¥)?
2 2
eX*Y exXty 5
) (e* + e¥)? (e* +e”)?
Class (b) : 6 Marks
. _ ou v

Example 1 (b) : If u=e® sin(x+ bt) is the solution of FTha ”KZ' with the condition that

U— 0 as x — , find the values of a and b.
Sol. : We have, by differentiating partially w.r.t. t,

88_1!: = be®™ cos(x + bt)

Now, differentiating partially w.r.t. x,

g_‘; = ae® sin(x + bt) + e® cos (x + bt)

Differentiating again w.r.t. x,
2
g_lei = a° e sin(x + bt) + 2ae® cos (x + bt) — e sin(x + bt)
. ou  d%u
Putting these values in — = p——
g at o2
be™ cos (x + bt) = pa®e® sin(x + bt) + 2y ae® cos (x + bt) — u e®* sin(x + bt)

u(a® —1)e® sin(x+ bt)+ (2ua - b)e* cos(x + bt) = 0
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The equality will hold good only if the coefficients of sin (x + bt) ang COS (x4 4y
zero. 'y L
. Equating to zero the coefficients of sine and cosine,
p(@-1)=0 and 2pa-b=0
2-1 je. a=+1 and b=2pa.
Since by data u— 0 as x — =, we get, from u=e®sin (x+ bf), 2= L bsay,
- 1 4
[ifa=1, udoes nottend to zero as x > co. -0 €~ ¥ =;7 — 0 as x— w anq ¢~ gy,
2ry?+ 2 o3u
Example2(b): Ifu=e » prove that Ixdyoz 8 xyzu.
Sol. : We have oY = ¢°+/*+Z. 5,
0z
Pu__ 9 (du =2z e"2+y2+22-2y=4yz-e"2+y2”2
ayaz ayloz
o%u d ( d%u x2+v24z2
—— T — = L] y tZz L]
dxdyodz ax[ayazJ dyz-e 2X
; = Bxyze &Y'+ Z _gxyay,
X2
Example 3 (b) : If u = f| = |, prove that
y
xg%”yg_; 0 and x27+3xy +2y2— =0,  (M.U.1994,97, 9%
)
Sol. : We have gﬂzf' ﬁ -gﬁ, au =f' xz . ——X—Z—
0x y| yv' oy y y
U gy u_ (V2 2]
ox Tay \y)ly Ty
Differentiating (1) partially w.r.t. x, ¢
%u  du Ru e |
X—+—+2 = :
ax°> Ox oy? 0
Differentiating (1) partially w.r.t. y, now \ L
9%u o U 0u
X +2—+ 2 —— =
dxdy 9y y oy?
Multiply (2) by x, (3) by y and add,
2 2 2 3%u
X2i£+xgg+2x U Y M oy =
‘ 02 " ax yaxay Y3 dy & d
| But x4 ,, 9u xzazu 5 +2 ?—2-1—1—-’-0
. ax )’ay— Hence, ﬁw*axya 3 ay2
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gxample 4 (b) : Ifu= log (x> + y° + 23 - 3x yz), prove that
2
(a gl 4 i] R (M.U. 1999, 2002, 09)
ax dy 0z (x+y+2)°
0 9 d\o 9 @
’ Lhs=|—+—+—||—+—+— Note this ]
sol. : We have s (ax 3y az](ax+ay +az]u [
d d d au au u ()
=|—4+—+— —— | seseessennesnien
dx dy 0z ax ay az
au 1 2
—= (3x° - 3y2)
biow X xX+y +2-3xyz
du 3y‘2 - 3zx u 32 - 3xy
Similarly, = =

Ay L+ -3xyz 3z P4yt + 2P -3z
u  du LU _ 3Jr2+yz+zz-xy—yz—zx= 3
x ay 92 X +y}+ 2 -3xyz (x+y+2)
[+ (xZ+y2ez 2_xy—yz-2zx) (x+y+2)=x>+y®+ 2%~ 3xyz. (Note this) ]

Hence, from (1),

lhs— _a_+_a_+_a— ._3__
T lex 9y 0z) (x+y+2)

-1 -1 -1
=3 7t 2l 2
(x+y+2)° (x+y+2) (X+y+2)
=—-———g—-—=r.h.s.
(x+y+2)

1/2

Example 5 (b) : If u=(1-2xy + y‘?)' , prove that

d gau
1= x2 —l=0 M.U. 1986, 88, 99,
ax[( )ax] ayly ay] ( 8, 99, 2004, 05)
du 2 a u

Fy—+y — e
2 Y5t (1)

Sol. : We have, |hs=-2x— 1-X2)
ax dy oy

But as in the Ex. 4, page 6-10 above,

W _ 4 U, U
ax-uy A af—aud oy = 3u°y

ou o%u ou
Also, Zoix-n® o ===yt —=-ud=(x-yY3s - P
3y (x-y) 2 (x=y) 3y (X=y)?3uw -u

Putting these values in (1),
I.h.s.=—2xyr.t:’+(1—)«2)'Sus)»f2+2y(x—y)u:’+yz(.vr—y)2 9.(f3—u3y2
=3u:y"’[1—.v:"\~)f2—2xy+yz]-fsuay2
=3u y2(1—2xy+y2)-3u3y2.
Butby data 1 - 2xy + y2 = y~2
lLhs.=3 u"’yau"a—auay2
=3u’y?-3y3y% = 0.
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Example 6 (b) : If u= x”, show that 23y Ixdyax:
aU _ y_T
Sol. : Since u = ¥, treating y constant T yXx
u_.v
Treating x constant, E = x7 log x
Differentiating (2) partially w.r.t. x, we get,
2
aa: = Xy-%+ yx'logx = x¥~1 +yxog x
xoy

= )ry“(f + ylog x)
Differentiating again partially w.r.t. x, we get,
63

u -2 -1, Y
Z=(y-1)x"2.4 logx)+ x¥-1. Y
ooy -V =NX"2 (14 yiogy) .
asu y-2

=X -1+ -1
axzay [y yly )|09X+YI
=x”‘2[2y—1+y(y—1)logx]
Now, differentiating (1) Partially w.rt. Y, we get
%y

e xr-1, ¥ Nog x = x4 ¥ log x)

Differentiating again w.rt, x we get
9%

m=(y—1)x"2(1+ylogx)+xy“-%

= yy=2
=x/ IY-1+Y(Y-1)|09X+Y1
=x""[2y-1+y(y—1 |

)log x)
Hence, from (2) and (3) the result follows.

Enmple?(b):uux“y;' verify that 02> _ 0%z

Sol. ; pj iati R "
Differentiatrng Z Partially WLt y, we get o
az ’ »
3y = logx 4 xy*=1
Differentiating this Partia)

Y w.rt, X,

"
........

(M.U. 1996, 2003, 04, 09)

,,,,,,,
-------
.....
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9%z y-1 y-1 y*
L2 =xY T hyexy e x-1
3y ax y og X + v +xy* logy
=y ogx + X T ey iy  Nogy s (2)
From (1) and (2), the result follows.
gxample 8 (b) : If u=f(r) and r~Jx2+y2,prove that
u %
— —-f r f' M.U. 1993, 9
2 ()+ (). ( 7)
Sol.: Since r2=x%+y? . 2rﬂ=2x
dx
9 _ X Simiary, 2 =¥
ax r ay r
du _du ar X
L] =’l * —
b ax dr ox " r
d%u X or X or
_._,f [)e—-e +f .——f [
S =M e )
Putting the value of Ef-,
ax
o%u X K
=f"(re—+f'(r —-f r-—
°Z 2 (r)e (r)
°u y? 1 y?
Similarly, —=f*"(Ne =+ f(Ne—=1(r)—
o gE T 0
?u 3% (o +¥°) 1 (0 +y%)
—+——=f'r-—-———+2f'r-—-f'r-——————
Ry ()= 10—
_tm+'m [ R +y?=r)
E . - _ w2 2 2
xampIeQ(b).lfu-!(r)andr =x“+y°+ 2% prove that
Pu ot
+ + =f"(r)+-— !r (M.U. 1991, 93, 97, 2002
a3y o 0 0 )
Sol. : Left to you.
Example 10 (b): If u= !(rz) where r2=x%+ y2 + 22, prove that
v azu a2
=4 1" (P)+61'(F M.U. 199
2 2y af (r) )- ( 2)
. 0
Sol.: We have 27 2. = 2x LI § Similarly, -a-£=-y~. ?_Lz_z,_
ox ax r ay r 9dz r
Now, since u = (r?),
du _du or
» dr—i_r(#)2r--2r(ﬁ)x

du

Similarly, g—y=2f'(r2)oy, Eo2r(?)z



ALY 0\ T

L

6-18) b
Applied Mathematics -! ( antial pig,
ar 2 _
? ' A '2f°—-—-]=2[f'(r)+x-f"(r2).2. X
Now %%:2-[f Ay xe 120 .
92_“.=2f'(r2)+4""(?)-x2
ax .
Similarly ay:; 2f(r2)+4f (r?)e y? and -?—QI'(,Z)+4f--(r2)_zz
"9
azu aZu aU Gf(fz)+4f (’2)[x2+y +22]
e ay? 3

_6f () + a1 ()

Example 11 (b) : Ifu= r™ 2= x2+y2+ z2, prove that

2 2
au “u au_m(m+1)r,,,2

Fy ayza

Sol. : Since, r2=x2+y%+2% 2r%=2x
ar _ .. or_y or_Z
X Similarly, T zor
du -1
=rm| —=mrm
dar
du du oar
NOW, —_—e———= rm_1._= 2
dx dr dx r mxr
2
da“u m-3 or

. —=mr" 2 mx(m-2). r™3 —
ax

“u
C g =mm e m(m-2)m .
=mr" 2+ m(m-2)r"4. 2
2
Simitarly. .Y _ - m-2
a Y, ayz mrm +m(m 2),’" -4 yz

a?
and —=m/" 2+m(m 2)rm4 22

02
Hence aU az +62
2" a2 Ty T3mr” 2emm-2)r" 4 (x2+y?+ 7)

=3mr™2 4 m(m-2)rm-2
=m(m+1)rm-2,

Exampye 1
2(b): s
how that 2 = f(x 4 at) + ® (x- at) is a solution of

a262 027

Ix? 512 for all fand ¢ (a, being constant).

A L

iat,

(M.U. 1988, 95, 2001

(M,U 1932
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sol. : We have z="f(x+at)+d(x- at)

0z
—=f"(x+at)+d'(x -
% ( ) (x—at)

d oz f'(x+at)+d"(x - at
an —_—= - -a
9x2 (1)
9z , .
Further, =% = af'(x+at)-ad'(x-at)
9%z
and 5-{5=32,--(x+at)+32¢u(x—at) """"""""""""""" (2)
2 3’z 9z '
From (1) and (2), we get a 2 02 forall fand®.  Hence, the required result.
X

Example 13 (b) : If u= Ae™ 9% sin(nt - gx) satisfies the equation

w_ B ovethat g | M.U. 1998, 2004, 0
at ax2 ’ g— 2”.. ( oW ’ ’ 7)
2
[OR It u= Ae"#sin(nt - gx) satisfies the equation ad = 2 M, prove that g = L JE -]
o = 9x? pi¥2
Sol. : We have
%% = A[-ge” % sin(nt - gx) - ge"9* cos(nt - gx)]
=-Age ¥ [sin(nt- gx) + cos (nt - gx))
d%u

_a_?=-Ag[—goe‘g“{sin(nr—gx)+cos(nt—gx)}
+e 9 {-gcos(nt-gx)+gsin(nt - gx)}]
=2Ag% e % cos(nt- gx)
du i} u
Further, — = Ane % cos (nt - gx). But — =p—
urther, == (nt-gx) ey Maxz [ By data ]

Ane % cos(nt—gx)=p+2A-g%e % cos(nt - gx)

1}

n=2pg° Sog= =

Example 14 (b): lf u=(ar"+br ")cos (n0-a) or
[u=(ar"+br ") (cos n0+sin no)), prove that
2 2
ou 1 ou 1 Fu_, (M.U. 1994, 96)
art r or 2 967

Sol. : We have Z_U =(nar" "= nbr """ cos(nb - a)
r

— =[n(n-1)ar"2+n(n+1)br""%)cos(n0 - a)

o1)
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Further % =(ar"+br ")[- nsin(n® - a)]

9%u

=(ar" +br ")[- ncos(ng - )]
962
Putting these values in the l.h.s.
Pu 1 du 1 9%y
+ — e

Sl +——
arf r or 2 392

= n(n—1).anr"‘2cos(n6--oz)+n(n+1)br‘"“2

cos(ne-a)
+ na,n—2cos(ne—a)- nbr‘"‘zcos(nﬂ—u)
=0

Solved Examples : Class (c) : 8 Marks

. _ ax+ by . 0%y
Example 1 (c): If > = ux,ye where u (x, ) is such that

2 | a 5}__3_; =0, find the Congtzry
a, b such that 9"z 2 :

“T-——+z=0.
dxdy odx dy

Sol. : We have, from z = u(x,y)e®+by
‘a—z'=‘a-g'e”+by+u ey, g - gaxsby ﬂl—+au
dx oJx Ix
Al‘ld -a—z—zg.li.e"*b}'+u.eu+by.b=eax+by @—"‘bu
Diﬂerentialing (3) partially w.r.t. x
g 2
BZ ____eax+by,a. §£+bu +ea_x+by au +b--‘1li
Ixdy dy dxdy ox

2
But since by data oy

—

dxdy =0, we get
822‘ = g +by a.au+b.au+am
dxdy v 3o
Further by data __azz, _9z2_az +z=0 —
dxdy 3x gy

Putting the valyes from (1), (2), (3) and (5) in (6), we get,
e +by| ou Jdu

------------

axsby| . ou _ i‘l’. 1) —ulb-1 ]:0

4 [(a 1)——ay+(b ”ax +au(b-1)-u( )

ea‘”by - g.li - du - . -1 ]-—-0
[(8 1)ay+(b 1)——ax+(b 1)eu(a-1)
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Ju du
‘ ZZ#0 and — # 0, we should have
since u # 0, Ix 5y

3_1:0' b—1=0 ‘.e. a=1, b=1

Example 2 (¢) : It u = e"? f(x—:) prove that

a_u+za_u 2Xxyzu; a—u+za—u—2xyzu
dx 0z 4 ya 0z
o%u 9%u
that = . M.U. 1992, 99, 2018)
Hence, show tal X =Y azay ( ’
u ( xy XY\ y
. ——=em' Z'f —_— +exyzif' " —
Sol. : We have 3x Y. - ZJ =
( (
Slmﬂaﬂy' a_‘{ = exyz e XZ¢ f 5!..\ + exyz o f! ﬂf_)-i
dy z \Z ) Z
W a2 X\, vz, g xy] Xy
oM axyf| L 4P| = o | -=
and 32 y 5 e 7
x4 22 ez f( )*em#'(xy '(xy]
dx 0z b4 Z

+ e xyz. !(ﬁ
z

I

SN———
+
(1]
3
y

—_—

N |
|

N &

N——

=2e"% ¢ xyz. f(iq: 2 Xy zU.
z

d d
Similarly, it can be easily proved that ygg + za—u =2Xxyzu
. o . u _du ,
Now, differentiating both sides of x Ix + ZE = 2 xy zu partially w.r.t. z,
a2u u o u
— 4 Z——=2XYUA22XYZ— e, i
X3zax 9z 022 4 Y257 (1)
. - 1 Ju _du .
Further differentiating both sides of y E + z-a—E =2 xy zu partially w.rt. z
y—azi{au zaz =2X u+2xyzi‘i
3zdy 9z a2 Y 0z e (2)
. 9% %u
From (1) and (2) it is clear that = .
(1) and (2) it is clear X yazay

Example 3 (c) : If z= xlog (x + r) - rwhere r2=x2 + y?, prove that

2z 9%z R 2%z X

FOLIL AR SR M.U. 1983, 91, 2002,
ad 92 x+r 9 P ( 2002, 04, 08, 09)

Sol. : Since f2=x"’+y2asseenbeforeg—r=5 and ﬂf_:l'
X r

dy r
Differentiating z = x log (x + r) - r partially w.r.. x,
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ar or
s e o 2]
_—[x+r(1+ax] i

dax
X
i (1+-£}+|09(X+ ’)J‘_
X+r r r

X +log(x+n) == =log(x+1)
r

Fz_ 1 (00 __1_(1+1)=1

ax® x+rl ax) x+r r) r
Now, differentiating z = x log (x + r) — r partially w.r.t. y,

oz _ . 1 (ﬂJ_£=__x Yy

dy  x+rlaoy) dy x+r r r
_z(Lq):__r_
Crix+r X+r

¥z __(x+n)(1)-y(@dr/dy) __(x+n)=y-(yir)

3 2 (x+r)? (x+r)?
__r,u'+r2—y2__rx+)r2 N _

r(x+r)2 - r()(+r)2 ['rz-yz*)‘z]
Pz __x(r+x) __ x

3y:  r(x+n?  r(x+rn
From (1) and (2),

Pz %z 1 «x _X+r-x_ 1
92 Y% r r(x+r) r(x+r x+r
3
Now from (1), B_{=__1_.§_r=_i_£=_i
5

o 2 ox 27T,

Example 4 (c) : If x = g/c0s0 cos(rsin0), y =" sin(rsin0),
90X 1 9y ay 1 dx

prove that — =L —"n 9
or r 30’ ar 7 30
Hence, deduce that o°x l.éf+i.azx—o
FY e e

Sol. : Since x = g"c0s0

L
X _ arcoso :
5 =¢ *COS Bcos (rsing) — e "% sin(rsin6) sin®

Ccos(rsin0),

=palC
6" cos Bcos (rsino) - sinBsin(rsing)]
= g"coso
Cos(rsing + 0)

And X < greos
a0 ¢ (-rsmO)cos(rsinB)+e'°°s"[—sin(rsinﬁ)][rcosﬂl

=-reftes [smecos(rsme)+cosesm(rsm9)]
==re®s sm(rs1n9+0)

S|

(M.U_ 2004| 06)

(M.U. 1999)

.
----
aet
......
-----
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similarly, %’,i = e"***%sin(rsin0 + o)
and 3—5 e"°**% cos (rsin® + 0)
From (i) and (iv), we get % - % g;
From (ii) and (iii), we get i;_lr/ __ % . g;

Type lil : Examples Satisfying Laplace Equation :

Now, differentiating (v) w.r.t. r, we get
x 1 y 1 %y

a—rz* F a0 r'arae

. ox _ay
From (vi), we get 3" rar
Differentiating this w.r.t. 6, we get
2 2
3X=_ray . _l.azx__l. azy
o0 9rao T2 % 1 arao
o x 1 9%« 1 ay
Adding (vii) and (viii), — iy VY
arr r? 3o 2 00
1 dy 1 dx
But from (v), —-. =—
v v 2 90 r or
H ix) becomes 22—X+1 (L l-92-0
ence, (ix) be 32y o 2 52 =0

Partial Differentiation

Class (b) : 6 marks

Example 1 (b) : If u = cos 4x cos 3y sin h 5z, prove that v satisfies Laplace equation i.e.

% o a"’
—t—+—=0.
I 3y T2
Sol. : We have
2
u 0“u _
——=-4+sin4xcos3ysinhb5z —2=—16-cos4xcosaysmh52=-16u
ax X
- ou _ _ o%u .
Similarly, 5, = ~3+cos4xsin3ysinh5z 5—2=—9-cos4xcos3ysmh52=—9u
y y
ou 92 .
And -a;=5ocos4xcosaycosh52 ¥=25-cos4xcosaysunh52=25u
u au Bzu
) -16u-9u+25u=0.
x| 2 2
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| artfal Differey,
I3t

1 ’ :

Example2(b):fu=-,r= JX'? +y2+ 2, [Orif u=.02+ )2 + 2)- 12
r v I Prove thyy us

Satisf

Laplace equation fili + o°u + o°u =0
Ix2 ay? o2

(M-U. 131

ar x or y dr _Z
.:W h —_ = T, _——=—, _— —,
Sol e have ox T 3y Pyl
ou_du or 1 x__ X
dx dr 9dx ré r r3
2y __ 1 ,3x or__ 1 +3x2
and 5 P34 ax PP
Pu_ 1, 3y u_ 1 37
Similarly, —=——7%*% and —=v+—5+
Y3 °or 32 rr
2 2 2 2
au+at;r+au__3+3(x2+y +Zz)-_-_i+i:o
ax2 ay? 3 r JE-

- Y E ol s T ok & ad o TrTrY ‘:-:-;~:1-L"-'-L _______________ DR RN RRT TR T eT PR .
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