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Similarly, we have, 

yx ay y ? 
" fyy ay ayox 

and ax y 

dy ax 
t may be noted that although and z2 are equal in general, they need not be en 

ax 0y 

always. 

5. Partial Derivatives of Some Standard Functions 
Using the above definition i.e. treating y constant while partially differentiating z W.rt. rand 

treating x constant while partially differentiating z w.r.t. y, we can write down partial derivativesd 
some standard functions.

1. If z= k, =0, = 0. 

If z= f(). 0Z 0 because f() is constant for partial differentiation w.r.t. x. 
ax 

If z= f(x),=0 because f(x) is constant for partial differentiation w.r.t. y. 
oy 

2 = nx-1. y dx 
2. If Z = "y", 

x" mym-1 

For example, if z = x2ys, -2x -3 
Oz cos (x+ y): =cos (X+ Y) 

3. If z= sin (x+ ). 

z 
ety 

ay 
4. If z = e**y 

5. If z = log (x+ ). =- 0z 1 ax X+y oy x+ Y 
1 6. If z = sin 

Ox 
1-(1y2 

0z 

V1-(/y2) yvy2-x2 7. If z = lan ax 1+(1y2) 
0Z 
oy 1+(xly2) 

y 
8. If 2 = x 0z 

yx':= x.logx. Note this] 
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Standard Rules 

4 u and vare functions of x and y possessing partial derivatives of the first order, then we can #andard rules of differentiation of surm, difference, product and quotient of u and vas stated use sta 
below. 

1. Itz=UV, xx x 
2. If z= uM, 

du du 
àz -u 

ày dy dz 
3. If z 

dx ay 

Typel: Partial Differentiation using Standard Rules 

Example 1:If z = ax + by + 2ab xy, find, 
dx ay 

2ax+ 2aby =2by +2abx. dX 
Sol.: We have 

du du 
Example 2: If u = e* sin X sin y, find 

Sol. de sinx sin y + e cos x sin y 

d=e sin x cos y 
ày 

Solved Examples: Class (la):3 Marks 

z Example 1 (a): 1f z (x+ y)= X-y, find -yinddz 

dx dy 
(M.U. 2016) 

Sol.: We have Z = 

X+Y 

d2 (x+y))-(x- y)(1)2y 
x (x+ y* x+ y 
dz (x+y)(-1)- (x- y)(1) 
oy 

2x 

(x+ y 

8z z2y+2x 
(x+y 

1 4 

(x+ y 

Example 2 (a): If z (x + y)= (x2+ y), prove that 

dz dz-412 (M.U. 1991, 98, 2002) 

Sol.: Since z -+) 
X+y 
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entati 
ozxy)2x-(+ +2xy-y2 
x+y* (x+y 
dz (x+ y)2y-+-*+2xy+ y 

(x+y 0y (x+ y 

Lh.s.=+2xy-y+-2ty-2 

(x+y 

(x+ y) 

-4 1-2xy-y-f+2xy+2 
(x+ y 

. r.hs. 

(x+y 
-4-2xy+ 

(x+y (x+y 
I.h.s.= r.h.s. 

Example 3 (a):Ifu= tan, ind the value of 4 (M.U. 2010,14 

Sol.: We have 

du 

8u 1 Now, 

ax2 

X (M.U. 2014) Example 4 (a) : If x= cos 0- r sin 0, y= sin 0+ rcos 0, prove that= 
OX 

Sol.: Squaring, we get 
x=cos0+ sina 0-2rsin 0 cos 0+ sin? 0 +2cos o+2rsin 0 cos 

(cos 0+ sin? 0)+ r2 (cos0+ sin o) = 1+2 
Pxy-1 

Differentiating this partially w.r.t. x, 

2r2x 
OX 

EXERCISE - II www.www 

Class (a):3 Marks 
1. Find the partial derivatives of the following functions. 

1.xy+xy? 2.2x+3xy +y 3. log x siny 4. sin x c0s y 
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sin. X 
5. 

7. 10 cos y 8. 3 tany 
6. e sin y 

cos y 

10y 
12. y z?, 11. 2 sin y cos z 

9 OU= 3x + 2y;
ay 

(Ans.: (1) 2xy+ 3x*y, = 3xy+2x°y: (2) = 4x +3y, av 

au 
(3) du 

()ax 
du = logx cos y 
ay 

au (4) cos x cos y - sin x sin y; 

ay 
sin y 

X 

sinx.sin y in y: (6) du - e sin y. ay e cos y; du du 
(5) 3x 

COS X 

ay cos y 
du 

-10 sin y; (6) 3 og 3 tan y, 3sec : 
cOS 

=10 log 10 cos y,av (7) ax dX oy 
2 

du y2-x2 du 

(11) = 2 log2 sin y cos z + 2 cos y cos z - 2* siny sin z ; 
OX 

(12)ey2+3e"y?z2+2e"yz.] 
ax 

2. Find the second order partial derivatives axa 
of the following functions. 

2. .y2 
4. e log y+ sin y log x. 

1.xy+xyS 

3. x-4xy+5y2 

0u2e 
Ans.: (1)6xy. 6xy: (2) e" y, -20 ay2 ax 

()-2- 8y. 10; 
ay2 

au 
(4) - o logy-s, - sin y -log x. ] oy? 2 

Class (a):3 Marks 

1. If u = o sin by, prove thatyav ay 8x 
du 2. If u = sin 1 X prove that x +3= O. 

y 

ou 3. If u= prove that x ay 0. = O. 

du 
4. Ifu=xy+ yPz+ ?x, prove that x+ya -3u. 
(Examples 2, 3 and 4 can also be solved by using Eulers theorem. See Chapter 7.) 

5. If u = tan, prove that2 2. 
at u au 
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6. Differentiation of a Function of a Function 

b indew 
Let z f(u) and u= d (x, y) so that zis function of u, and u itself is a function of tue i 

nay te cale 
variables x and y. The two relations define z as a function of x and y. In such cases 7 mae 

a function of a function of x and y. 

e.g ()2 and u = yx+y. (i) z= tan u and u=x*+ +y? 
u 

define z as a function of a function of x andy. 

Differentiation : If z = f(u) is differentiable function of u andu=d (x, y) possesses frst 

partial derivatives, then 

au 
i.e. Ox 

du 
Similarly, dz. du 

ay du dy 
e.g. If z= (ax + by)", then du 

du = n(ax + by) a and n(ax + by)-.b 
dx 

The rule can be easily remembered with the help of the tree diagram 

given on the right. 
Fig. 6.2 We consider below some standard functions of the type Z= f(u). 

1. If z= u". then= nu"- du and nu ay nu-1du 

ay ax 

e.g., if z = (2x+3y), then 

5(2x+3y*-2 and -5(2x+3y 3 

az 1 du 
2. If z= Ju, thenax 2Ju ox ày 2u ày 

e.g., it z= V4x-5y), then 

0z 
ox 2 (4x-5y) 

4 and 1 
-5) ay 2 (4x-5y) 

z 
3. If z= sin u, then= cOS u and cos u udu du and 2 

x dy dy 
e.g., if z = sin (2x-y, then 

COs (2x y) 2 and COs (2x- y)(-1) 
oy 

az 4. If z = cos u, then -sinu and sin u nuy dx oy 
e.g. if z = cos (3x-2y), then 

x (3x- 2y) (3) and -sin (3x- 2y)(-2) 
0y 

oz 5. If z= tan u, then sec u Ou and = sec2 du 
àx dy 
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eg., If z= tan (3x + 2y), then 

=sec (3x+2y) 3 and sec (3x + 2y)2 
x dy 

dZ 
and 

ay 
du 6. Ifz= e", then=e"u 

e.g., if z = e , then 

dz-3x-4y.3 and = -4Y(-4) 
ax 

1 du 7. If z= log u, then =-.0 
Ox 

e.g., if z = log (3x+ 7y). then 

17 (3x+7y) 
z .3 and 
x (3x +7y) 

and 

ay 

Type lI: Partial Derivatives of First Order of a Function of a Function: Class la):3 Marks 

Example 1 (a): If u = cos(wx + Jy). prove that 

oy an)- 
du 

Sol.: We have 

'2 
-sin|( M ) 

Example 2(): Itu=sin(% + y), prOve that a /|cos| } 
Sol.: Prove it. 

(For another method to solve this example, see Ex. 10, page 7-11) 

Example 3 (a): If z = ew*by f(ax - by), prove that b+a2abz 

Sol.: Let ax+ by = u and ax- by = V 

du 

Hence, Z = e.f(V), 
l)+e".() - e"()+e". f') 

= ea f(v) + e".f'(V).a 
Also f)+ e".r ()=e".b. f(v)+e" /'()(-b) 

=2abe (v)= 2abz. 

l 
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Example 4 (a): If u = (1-2xy + y)E, prove that 

xyy' (M.U.1991,99, 2004, 06,p 
Sol.: Sinceu=(1-2xy +)-V2 

Ou a-(1-2xy+ " (-2y) = yu? 

Also, -(1-2xy+ y(-2x+2y) = (x- y)u y(ty-
du au xyu+f-f 

ay 

Example 5 (a): If u= log (tan x + tan y), prove that 

du sin 2xsin 2y (M.U. 1991, 2003, 05, 10, 12 19 
ou 

Sol.: We have 1 secx 
x tanx+tan y 

1 
(tanx+tan y) 

tanx sec X= 2- sin 2x 2 sin x cos x 
tan X+tan y 

Ou tan y Similarly. sin 2y2 
tan X+tan y 

2. $in 2x +sin 2y =2. lan X+ tan y 
tan x+tan y dX 

Similarly, prove that 

du du sin 2xin2ysin 2=2. 
ay x 

Example 6 (a): If u= f[x+y+z*], x= rcos a cos B. y= rcos a sin ß, z= rsin a, show ns 
du 0. (M.U. 198) 

Sol.: From data, 

+y+z= rcos a cos* B+rcosa sin B+r2 sin a 
xy+2 = rcos u+r sin? a = r2 

u=1x+y2+z]=f[r21 
Ou du 

( uis independent of a and B) 

e*y Example 7 (a) : If u = prove that u,+ uy= u. 
+e 

(M.U. 1996, 200) 

du (e+e").o**y - e**Y . e* e*Y (e) 
(e + e2 

Sol.: We have 
x 

(ete)2 
du Similarly, ay(oo? 
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du due.(ex+ e") 

(e+e u. 
e+e 

ex+y+z 
Similarly, prove that if uU= - then u,+ Uy+ u = 2u. 

e+e 4 e' 

Class (b):6 Marks 

Example 1 (b): If e = t" et, find n which will make 

(M.U. 1986, 93, 2000, 02, 06) 

Sol. =nt-1.e-tA! ,neP4!. 

****** (1) 

2t 

i ara22 ar 

***"**********.*** (2) 

.Equating (1) and (2), we get 
3 3 

Example 2 (b): Find the value of n so that V= r" (3 cos 0-1) satisfies the equation 

(M.U. 1995, 2001, 02, 06) 
30 

Sol.: We have by differentiating partially w.r.t. r 

n(3 cos0-1) 2nrn" (3 cos o-1) or 

ntn+ 1)" (3 cos 0-1) (1) àr 

Further differentiating partially w.r.t.0 

-6cos sin 0) 
3V sin -6r sin e cos 0 
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sin -612sin 0 cos 0- sin0] 

1 sin |=-6" (2 cos2e- sin? 0) 
sin d0 

=-6r" (3 cos 0-1) 
****************. Adding (1) and (2) and equating the result to zero, (by data) we get, 

n(n+1) r" (3 cos 0-1)-6r" (3 cos 0-1) = 0 

[n(n+ 1)-6]r" (3 cos 0-1) =0 
+n-6 0 (n+3) (n-2) = 0 n=2 or -3. 

Type I: Partial Derivatives of Second Order of a Function of a Function 

Class (a):3 Marks 

u Example 1 (a) : If u= log (x+ y), prove that 
(M.U.2019 Oxay àyox 

du Sol.: We have 2x and ay 

4xy 
8xoy 

4xy 
ayàx 

u u 
8xay ayàx 

Example 2 (a): If u= 2 (ax + by? -k (x2+ y2) and a2b2 = k, evaluate' 
Sol.: We have Ou 

4(ax+ by) a -2kx 4a -2k 

a4(ax+by) b- 2 ky 4? -2k 
and 

ay 

u ata2= 4 (af + )-4k = 4k- 4k = 0 [: 2+b = k] 

Example 3 (a): If z = tan (y+ ax)+ (y- ax2, show that= a x 
(M.U. 2002, 03, 09, 11, 1 

Sol.: We have 
asec (y+ax) - ay- axOx 

and 2sec?(y + ax). tan (y + ax)+ a y-ax) 
*******sunn* 
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Also, sec (y + ax) +-ax2 
and 2 soc(y+ ax). tan(y+ax)+(y ax) (2) 

From (1) and (2), we see that 22 3z 

Example 4 (a) : If z = log (e*+ e), show that rt- s2 =O where r= 

ay2 3xaydX 

(M.U. 2016) 

3(e+e")e-e(e*)_e**y_ 
(e+ e2 

82 (o+e)e' - e" (e) e* 
(e+e2 

Sol.: We have 

(e+e 2 
e 

y e +e (e+e 
ey 

Now, 
axay (e +e 

e*y 

(e+e)2 (e +e2 
ety e*y 

r s 
(ex+e2 

ey 

(e+e 
eY 

(e + e 

Class (b):6 Marks 

Example 1 (b): If u = e* sin (x + br) is the solution of with the condition that 
U0 asx> o, find the values of a and b. 

Sol.: We have, by differentiating partially w.r.t. t, 
au be" cos (x+ b) 

Now, differentiating partially w..t. x, 

=ae sin (x + bt) +e cos (x+ bl) 
x 

Differentiating again w.r.t. x, 

sin (x + bt)+2a cos (x + b/) -e sin (x + bt) 

Putting these values in=. 

be cos (x+ bt) = uafe" sin (x + bt) +2u ae cos (x+ bt) - u e" sin(x + bt) 
(a1) sin(x + bt)+(2u a- b) e cos(x+ bt) = 0 



Applied Mathematics- 1 (6-14) 
Partial Ditferemt 

+ bt ) ate 

The equality will hold good only if the coeficients of sin (x+ bt) and coe t. 

zero. 

Equating to zero the coefficients of sine and cosine, 

(a-1) = 0 and 2p a- b= 0 

a 1 i.e. a=*1 and b=2 a. 

Since by data u> 0 as x>, we get, from u= e" sin (x+ b), a= -1: 

[If a 1, u does not tend to zero as X e* = 0 as x and e' 

au Example 2 (b): If u = e**y*7, prove that = 8 xyzu. 
axayaz 

Sol.: We have du- e**7.22 
z 

ayoz ayl8227 2y = 4yz.e+y+z2 

a u 
dxdyoz dx avaz4yz e*y+.2 

8xyz e = 8xyzu. 

Example 3 (b): If u = prove that 

2 0 and 3ay 2y -0. (M.U. 1994, 97, 9,20 

xoy 

Sol.: We have 

. 

**** ******** 

Differentiating (1) partially w.r.t. x, 

2 
*****usnessret 

. 

Differentiating (1) partially w.r.t. y, now 

xU2du2*u-o 
********#*sddases 

Multiply (2) by x, (3) by y and add 
2 xoy 

8u 

x3y 22 
But 2 . Hence 3xy Ju 2 -. 

Ou2 = 0 
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Example 4(b): If u = log (x°+ y°+z'-3x yz), prove that 

9 (M.U. 1999, 2002, 09) 

(x+y+ 2) 

Note this] 
Sol.: We have .h.s.=| 

, d1du du du 
ox dy 8z)|ax dy 

(1) 

du 1 (3x-3yz) Now, 8x +2-3xyz 
du 3y-3zx au 3-3xy 

Similarly, 
ay +y+- 3:xyz àz++-3xyz 

3 u,u,a3+ 0z y+2-3xyz (x+y+2) 
I: (x+y+2°-xy-y-zx) (x+ y+ z)=x*+ y°+z°-3xyz. (Note this) ] 

Hence, from (1), 

in.s.- 
-1 

x+y+z X+y+2 (x+y+ z 
-1 

9 
= r.h.s. 

(x+y+2) 

Example 5 (b): If u= (1-2xy+ y E, prove that 

(M.U. 1986, 88, 99, 2004, 05) 
dx 

Sol.: We have, Ih.s. -2x(1- 2 (1) 

But as in the Ex. 4, page 6-10 above, 

-uy o-3 y- 3u'y? 
x dx 

=(-y)»3u =(x-y)*3us - u 
ay 

du 
Also, (x-y)u 

Putting these values in (1). 

Ihs.-2xy u+(1-)3u° y+2ytr-nuy'-y aus -u'y2 
3uy1-x+x2-2xy+ y2] -3 u'y2 
3 uy(1-2xy+ y)-3u'y2 

But by data 1-2xy+ y' = u"< 

Ih.s.=3uy2u-2-3u3y2 
3uy2-3y" y2 = 0. 
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u 

(MU 
Example 6 (b) : lf u= xY, show that

du 
axay oxdyox 

dVx- 

********* 

Sol.: Since u= x', treating y constant 

u=xlog.x 
******* 

Treating x constant, 

Differentiating (2) partially w.r.t. x, we get, 
u U .+ yx"log x =x+ yx- logx Oxdy 

x(1+ ylogx) 
Ditferentiating again partially w.r.t. x, we get, 

aay-1)x*-(1+ylog x) + x-1 
X 

u 
Xty-1+y(y-1)logx+ yl aay 

- x12y-1+ y(y-1)logx 
Now, differentiating (1) partially w.r.t. y, we get 

du_ --1+ yx- log x = x(1+ ylog x) 
dyox 

Differentiating again w.r.t. x, we get 

=(y =(y-1)x(1+ y log x)+xoxdydx 

xy-1+ yly-1)logx+ y 
(2y-1+y(y-1)log x] Hence, from (2) and (3) the result follows. *********n 

Example 7 (b): If z= xV+ y, varify that d23 dxdy dyðx (M.U. 1996, 2003, 04, 06) 
Sol.: Differentiating z parlially w.r.t. y, we get, dz 

log x+ xy- y 
Differentiating this partially w.rt. x, we get, 

dxay y ogx+ x.1»y*+x*' logy X 

yxlogx+ x+y-+ xy*-'logy 
(1 

Now, differentiating z partially w.r.t. x, we get, 
*************"""*"" 

dz 

yxy log y dx 

Diferentiating this again partially w.r.t. y, we get, 
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32= -1+y. x-"log x++xy- log y 
aydx 

= y-logx+x+ y'+ xy*-"logy ... (2) **** 

From (1) and (2), the result follows. 

Example 8(b): lf u= f() and r = y+ y?, prove that 

a2t f"()+r) (M.U. 1993, 97) 

dr 
sol.: Since r' = x*+ y 2 2x 

dX 

Similarly, 
du 

Now, 
x dr dx "'(0: du-r 
/"(0 +r()-r).39 

Putting the value of 

0+r)-1r'): 

r.-r Similarly 

. (. ,2r-r. 
ax 2 

Example 9 (b): If u= f() and r = x2+y+z, prove that 

(M.U. 1991, 93, 97, 2002) 

Sol.: Left to you. 

Example 10 (b): If u= f)where 2= x y?+ z, prove that 

u u 
(M.U. 1992) a 4f'e)+6r( 

Sol.: We have 2 2x Similarny. ayr3z 
Now, since u= f(r), 

du 
dr ().2r.-2.f')»x

Similarly, -2r)*.-2r)z
3x 

dy 
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-rxf"')-22|r)+ x-r")2.. 
Now, 

2)4f"P).r 

-2/()+41"P).2 and 2r()+4r°(?.2 
Similarly, 

,2-6r(f)+4/N++ 
0y 

= 6/'()+4?.r) 

Example 11 (b): If u= r", x*+y+z, prove that 

u,, =m(m+ +1)m- (M.U. 1988, 95, 20 

Sol.: Since, r=x?+ y?+ z2, 292x 

Siniay 
U=r", mrm-1 

Now, dud.= m m-1, = mxrm-2 
ax dr dx 

mrm- + mx (m - 2). m-3 o 
ax2 dx 

X m-2 + m(m -2)r- x 

mm-+ m(m -2)rm.x 

Similarly, 2mr+m(m-2) rm-4.y2 

and mr"* + m(m -2) m-4.2 

onca, , , 3mn-2 + m(m- 2) m-(x+! +) 

3mrm- + m(m-2) rm- 
= m(m + 1) rm-2 

Example 12 (b): Show that z = f(x + at) f(x+ t)+(x-at) is a solution of 

2.Z tor 8 a? 0r all fand (a, being constant). 
(M.U. 1982, 9 
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cal:We have z= f(X+ at) + d (x- at) 

=f'(x +at) + d'(x - al) 

and f(x+ f"(x+ at) +4"(x-at) ... (1) ***** 

Further, af "(x+ at) - ad'(x- at) 

-21x+ at) + a o"(x-at) and (2) 

From (1) and (2), we get a =4 for all fand . 
x ar2 

Hence, the required result. 

Example 13 (b): If u = Ae9 sin (nt- gx) satisfies the equation 

du prove that 9 2 (M.U. 1998, 2004, 07) ar prove that g= 

OR If u- Ae sin (nt-gx) satisfies the equation prove provo that g = 

Sol.: We have 

= A-ge"" sin (nt -gx) - ge9* cos (nt- gx) 

-Ageg[sin (n t -gx)+cos (nt- gx) 
-Agl-g. o"9" (sin(nt-gx)+ cos(nt-g)) 

+0-gcos (nt-gx) +9 sin (nt-gx)}] 

2Ag e" cos (nt-g) 
Ou 

Further,a = Ane cos (nt - gx). 
du =U But a By data 

Ane cos (nt- gx) = 4-24.gfecos (nt- gx) 

n 
92P n 24g 

Example 14 (b): If u= (ar"+ bf") cos (n 0- a) or 

[u= (ar"+ br") (cos n6+ sin n0) ]1. prove that 

1.1. 
Sol.: We have 

du =(narn-1 - nbrh-")cos (n0-a) 

0. (M.U. 1994, 96) 

u 
2[n(n-1)ar- + n(n+ 1) brrn-] cos (n0- a) 

91) 
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Partial Differ ferent u 
Further = (ar+br")[- nsin (n 0 a) 

(ar + br")t-n* cos (ne- a)] 
Putting these values in the l.h.s. 

u 

= n(n-1)ar-cos (n0-a)+n(n + 1) brhcos (n 6-a) 
+nam-z cos (n a) - nbrHcos (n0-a) - ar- cos (n0- a)- n br-* cos (n0-a 0 

Solved Examples Class (c):8 Marks 

Example 1 (c): If z = u(x y) e** where u(x, y) is such that =0, find the consm xay a, b such that dz 
Oy 

dxðy 3xat2= 0. 
Sol.: We have, from z= u(x, y) ear+ by 

************ ex+ by + U. eax+ by.a = eax+by Ou a 
dx 

au 
********n 

d2Ou.eax+ by 4 u.eaK+ by .b = eax+ by |+ bu ay 
And 

(5 +bu 
Differentiating (3) partially w.r.t. x 

= eby.. u 
axay + by u +b.du (dxay +b. du 

3x 

u But since by data = 0, we get axay 

xy 
= by a b abu abu 4****** ******** xay 

6 
Further by data 

-z=0 dxdy 
Putting the values from (1). (2), (3) and (5) in (6), we got, 

Du.ou abu -ou au-9 bu+u dy 

(a-1)9+(b-1)au(b-1)- u(b-1 0 
(a-1) b-1)d(b-1)u(a- 1)-0 
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d 
Since u 0, 0 and 0, we should have 

a-1 0, b-1=0 i.e. a= 1, b= 1. 

Example 2 (c): If u = e*7 f prove that 

2xy 2u; y+ 2 xy Zu. 

8u u (M.U. 1992, 99, 2018) 
Hence, show that x- azay zOX

Sol.: We have O= eyz» 
x 

duey XZ 
ay 

Similarly, 

duey xy. and z 

+e xyz.f 

2e xyz. |=2xy zu. 
du 

Similarly, it can be easily proved that 
ay 2 xy zu 

du Ou Now, differentiating both sides of x+ = 2 xy zu partially w.r.t. z 
x 

*************.** (1) 
àzôx z*2 2xyu + 2 xyz 

Ou Further diferentiating both sides of y+ 2xy zu partially w.r.t. z 

8u 

YzOy (2) 8za22xyu + 2xy z **********s 

thatx du-&u From (1) and (2) it is clear tnat zàx azay 
Example 3 (c): If 2 = xlog (x+ r)- rwhere = x+ y, prove that 

8 1 2=- 
dx ày x+r ax 

Sol.: Since = x+y2 as seen before ana y 

(M.U. 1983, 91, 2002, 04, 08, 09) 

Differentiating z = x log (x+ r)- r partially w.r.t. x, 
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+log(x+)-¢= log(x+ ) 

********** 
Now, differentiating z = x log (x + r)- r partially w.r.t. y, 

82._(X*D1)-y(dr/dy)=_(x* n-y:(yln)2 
(x+r (x+r) 

TX+ _IX+ x 

[:2--X r(x+ r) r(x+r) 

x TX 
dy r(x+ r(X+ ) 

From (1) and (2). 

2,2.1-_ 
r(x+r) 

X+-X 
r(x+)X+r 

Now from (1), 

Example 4 (c): If x = ecos cos (r sin 0), y = eCos sin(r sin 0), 
X1.dy d-. 
arra0' ar r30 

prove that 
(M.U. 2004, 06 

Hence, deduce that 1.dx 13x (M.U. 199) 
O. 

Sol. Since x = ercos cos (r sin 0), 
= ecOs0.cos cos (r sin 6) -ercos sin (r sin 0) sin 8 

ecos[cos Ocos (r sin 0)- sin 0 sin (r sin 0)] = ecos cos (r sin 0 +0) 
*****************" 

And e'c(-rsin 0) cos (r sin 0) + ecos®-sin (r sin 0)]l rcos 
And 

=-recos(sin 0 cos (r sin 0) + cos 0 sin (r sin 6)] = - rercos0 sin(r sin 0+ 0) 
. (9 *****************"* 
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(ii) Similarly. ec sin (r sin 0 +0) 
dr 

dy=recos cos (r sin 0 +) (iv) and 

8x1.3y . (V) From (i) and (iv), we get 

(vi) From (ii) and (i), we get 
or 

Now, differentiating (v) w.r.t. , we get 

drde (vii) 

From (vi), we get 

Differentiating this w.r.t. 0, we get 

y 
ar30 18x 

(Vii) 
or00 

3x . 1,d (ix) Adding (vi) and (vii), 
a? 

But from (). 1. 

Hence, (ix) becomes 

Type l1 : Examples Satistying Laplace Equation Class (b):6 marks 

Example 1 (b): lf u = cos 4x cos 3y sin h 5z, prove that u satisfies Laplace equation i.e. 

fu u,3*u -0. 
aaaz 0. 

Sol.: We have 

du 
= -4 sin 4x cos 3y sinh 5z 

8u 
=-16. cos 4x cos 3y sin h5z= -16u 

Similarly. ay du 
= -3. cos 4x sin 3y sin h5z =-9 cos 4X cos 3y sin h 5z = -9u 

au 
=5 cos 4x cos 3y cos h5z 
z 

25 cos4X cos3y sin h5Z = 25u 
a? 

And 

u0u,u. -16u-9u+ 25u =0. 
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Example 2 (b): If u = r=vx + y +7. [or if u=l*++ 2- 2 Dro a that u statist 

Laplace equation2 ay2 az 
-o. 

Laplace equation u + , du-o. 
dx2 (M.U. 1 

Sol. We have =4, = dr 
3z 

du du ar 

Ox dr ax 

and 

au 
Similarly, and 

ax2 

TCr TII 
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