Properties of Eigen Values and Eigen Vectors
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Theorem 1: Prove that zero is an eigenvalues of a matrix A if and only if A is singular.
Theorem 2: Prove that the matrix A and its transpose AT has same characteristic roots.
Theorem 3: Prove that the eigenvalues of a diagonal matrix are precisely the diagonal elements.
Theorem 4: Prove that the eigenvalues of a triangular matrix are precisely the diagonal elements.
Theorem 5: ) is an Eigen value of the matrix A if and only if there exists a non — zero vector X
such that A-X—=7§X m
Theorem 6: If X is an Eigen vector of a matrix A corresponding to an Eigen value A then kX
(k'is a non — zero scalar) is also an Eigen vector of A corresponding to the same Eigen value A.
Theorem 7: (Uniqueness of Eigen Value):
If X is an Eigen vector of a matrix A then X cannot correspond to more than one Eigen values of A.
Theorem 8: (Linear independence of Eigen Vectors):

Eigen vectors corresponding to distinct Eigen values of a matrix are linearly independent.
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Theorem 9: Eigen values of a Hermitian matrix are real, VYD AwncO L eigen

Corollary 1: The determinant of a Hermitian matl)ikr;iz real! v (9
Corollary 2: Eigen values of a real symmetric matrix are all real. A a

Corollary 3: Eigen values of a Skew — Hermitian matrix are either purely imaginary or zero.

Corollary 4: The Eigen values of a real skew — symmetric matrix are purely imaginary or zero.
Theorem 10: The Eigen values of unitary matrix are of unit modulus. (have absolute value one).
Corollary: Eigen values of an orthogonal matrix are of unit modulus.
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1]szheorem 11: The Eigen vectors corresponding to distinct Eigen values of a real symmetric matrix are
orthogonal. H-Prr =0.
Theorem 12: Any two Eigen vectors corresponding to two distinct Eigen values of a unitary matrix are \ﬁ \,\2 >+ 3
orthogonal. >
Note:
1. If one Eigen value of a matrix Ais a + ib then another eigen value must be a - ib. RS - @ 2 ﬂ
2. If L is an Eigen value of A then 1 is an eigen value of A? — 5A - - 5/ - \o’~ 5
3. If A4, A,, ... 4, are the eigen values of A then show that k/11, kA,, ..... kA, are the Eigen value kA.
4. If 14,15, ... A, are the eigen values of A then show that — 7 11 i are the Eigen values of A™1 f’\ - ) | \. \ é
5. If 13,15, ... 1, are the eigen values of A then show that A3, 13, ... ... , A2 are the eigen values of A2, I
6. If A isan Eigen value of a non — singular matrix A, prove that l';;l is an eigen value of adj A. /5‘2 ,> \2 ZQ’ 31
7. If X is an Eigen value of the matrix A then A + k is an eigen value of A + kI '
8. If f(x) is an algebraic polynomial in x and A is an Eigen value and X is the corresponding Eigen vector of ) ) "y o’

a square matrix A then f() is an eigen value and X is the corresponding eigen vector of f(A).
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Solved Examples

a b c
1. IfA=|b ¢ a| Wherea,b, care positive integers, then prove that
c a b
(i) a + b+ cis an Eigen value of A and (ii) #fATsmomr=singutar; one of the Eigen values is negative.
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If 11, 1,, A3 are the eigen values of a 3 X 3 matrix then prove that the Eigen values of adj A are A11,, 1,43 and 1344
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If Ais a real square matrix of order n where n is an odd positive integer, then show that A has at least one real Eigen
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4. The sum of the Eigen values of a 3 X 3 matrix is 6 and the product of the Eigen values is also 6. If one of
the Eigen values is one, find the other two Eigen values.
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characteristic roots of Aare —1,1, 3
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[tan@ cotf 1J
characteristic roots of Aare —1,1, 3
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6. Find the characteristic roots of A3% — 9428 where A = [1 2]
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7. Findthe Eigenvaluesof A> —2A+1ifA=1|0 1 4
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8. Find the Eigen values of adjAif A = [ f
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9. If Ais asquare matrix of order 2 with |A| = 1 then prove that A and A~ have the same eigen

values. Hence verify fo@: [_21 _11]
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10. Verify that X = [2,3,—2,—3]’is an eigen vector corresponding to the eigen value A = 2 of the matrix.
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