RANK OF A MATRIX

Monday, November 22, 2021 1:35 PM

ELEMENTARY TRANFORMATIONS:
Following operations on a matrix are called elementary transformations.
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Equivalent Matrices: Two matrices A and B are said to be equivalent if the matrix B is obtained by performing elementary transformations
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on the matrix A.
The symbol ~ is used for equivalence i.e., A~B(A is equivalent to B). A _L>
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RANK OF A MATRIX:
Definition: A number ‘r’ is said to be the rank of matrix A, if it possesses the following properties:

(i) There exists at least one sub — matrix of A of order r whose determinant is non — zero
(ii)  Every sub — matrix of A whose determinant with order (r + 1), if it exists, should be zero.
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In short, the rank of matrix is the order of any highest order non — vanishing minor.
The rank ‘r’ of a matrix A is denoted by p(A4).
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Note: (i) If Aisa square matrix of order n, then 1 < p(4) < n. g&AD RSN (A)
(ii) IfAisamatrixofordermxn,thenL@ = _
v(jiﬂ The rank of a null matrix is always zero.
(iv) Rank of a non —singular matrix is always equal to its order. ) ) S 3
(v) Rank of a matrix is always unique. 1A\ X O A }\FB \\ é g(,A’
2 —
Example: Determine the ranks of the following matrices.
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Note: (i) The elementary transformations of a matrix do not alter the rank of a matrix.
i.e., If A~B, then A and B have same rank.
(ii)  Similarly, rank of A = rank of (kA), where k is any scalar.

(iii)  If A,y is non —singulari.e., |A| # 0 thenrank of A = nandrankof A2 =n
Since |A?| = |A. Al = |Al.|Al # 0

(iv) p(4) =p(4")

(v) The rank of the product of two matrices cannot exceed the rank of either matrix.

(vi) If risthe rank of the matrix A then the rank of A™ is less than or equal to r.
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SOME SOLVED EXAMPLES:

1.

0\

Find

3

N
/ C\

(W)

the ranks of the foIIowmg matrices

6 1 3 8 45 15611 7 8 9 10 11
RN )
16 4 12 15 9 10 1 12 4 8§ 12 20 10 11 12 13 14
> 6 \ _3C é ' O IS
W 6 - _,_____»> y 2 o |
lo > a 1t o * 0 4
e b1z P | 6 h 05
QL‘ — Cﬁ\*@’}>
54 | 0§
& | ° 0.-CRaRe) | © o
— w2 O - ) Loz }O
o % o0 F © 00

o (o NoE be W oy 2
fongi Ao AN i e o= ocdex 2
k (o) \r/ lzfpl;@ 0
o
S lom = 2
T ¥ A o 1

1 2% M 2S 2
5 52 53 5w 55
Lo vl 22 V3> 1Yy

<X ey
Ro—R)y, Ra-Ry Ru—Fy

1

T 5 4 o

7 (5 \s 15 15 15

~ 3 >3 03

_/, 1g A
\5@1 W) ’ 3€\7

MODULE-2 Page 4



Youo'R con rot be > 0\(‘7
(onsidex a  wine~’ o ovden 2

ﬁ%\ )\; }/g:’\_‘);O

J- Romk = L

NORMAL FORM OF A MATRIX:
Definition: By performing elementary row and column transformations, every non — zero matrix can be reduced to one of the four forms,

called the normal form of A: -
Yo T\ = Cdenwt
O ool @ [g] e [foo] —Tm‘:> 133 -
Note: Rank of A = Rank of the normal formof A = . (//E\( 0O (/LN( \Dj //\’(
o0 )

Method to Reduce a Given Matrix to its Normal Form by Applying Elementary Transformations:

Step 1: Reduce the first diagonal element a1, which is called a leading element (or a pivot), to 1 by applying 0 6)
any (row or column) transformation \ 0o O o
Step 2:  Apply row — transformation to reduce all other elements in first column to zero. /A /j o\ 0 OU’O
Step: 3:  Apply column —transformation to reduce all other elements in first row to zero. 00 % O 0
Step 4: Reduce the second diagonal element a5, which is then called the leading element, to 1 by applying any 60
(row or column) transformation without disturbing the elements of the first row and first column. /) O
Step 5: Applying row — transformation clear off all other non — zero elements of the second column and reduce Jr
them to zero without disturbing the first row. O 0

Step 6: Applying column —transformation clear off all other non — zero elements of the second row and reduce

them to zero without disturbing the first column.
Continuing the above procedure with the successive rows and columns, we can reduce a given matrix to its normal form.
Note: Application of elementary transformation on any matrix A may differ but rank of A is unique.
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SOME SOLVED EXAMPLES:

1.

4 3 0 -2
\,(634—1—3

Reduce the following matrices to their normal form and hence obtain their ranks.
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2. If Aand B are as given below, find the rank of A by reducing it to the normal form. Find 3A - B,

hence or otherwise , show that 342 — AB =24-also find the rank of 342 — AB.
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6. Determine the values of p such that the rank of A =
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Also find the ranks for those values of k.
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is the given square matrix of order 3, find the values of k for which rank of A is less than 3.
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ECHELON FORM OR CANONICAL FORM OF A MATRIX:

Definition: If a matrix A is reduced to a matrix B by using elementary row transformations alone, then B is said to
be row equivalent to A.

A

Row

Ao nsk
elements, (i.e all zero rows, if any, are placed at the bottom of the matrix so that the first r rows form an
upper triangular matrix).

The Echelon form or Canonical form of a matrix A is a row equivalent matrix of rank ’r’ in which

(a)

One or more elements of each of the first r rows are non — zero while all other rows have only zero

(b) The number of zero before the first non — zero element in a row is less than the number of such zeros in the QC)UO
next row. EC\'\(’:’\O )
short, by performing only row transformations, a given matrix that is reduced to an QEL;“ED__’g/“/'__‘L—J'ﬁ’_m—‘

is called its Echelon form.
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Note: Rank of a given matrix is equal to the number of non — zero rows in the Echelon form. 6\ e ‘N\eh
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For example, the matrix

oND

(a) First 2 rows contain a
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elements.

(b) The number of zeros before the first non — zero element in the first row is one while the number of zeros
before the first non — zero element in the second row is two.
Further, there are two non — zero rows in this Echelon form. Hence rank of the matrix is 2.

SOME SOLVED EXAMPLES:

3 4 11
1. Reduce the matrix _21 _42 63 2 to Echelon Forms and hence find the ranks.
1 -1 2 -3
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