KJSCE - SVU COMPLEX NUMBERS SEM-I

LOGARITHMS OF COMPLEXNUMBERS:

Letz =x +iyandalsolet x =rcosf,y =rsinf so thatr = \/mand 0 = tan"1(y/x).
Hence, logz = log(r(cos® +isinB)) = log( r.ei?)
=logr +loge'® =logr + i@
log(x +iy) =logr +i6
log(x +iy) = %log(x2 +y2)+ itan‘lf convenennennennes (1)
This is called principalvalue of log (x + iy)
The general value of log (x + iy) is denoted by Log (x + iy) and is given by
= Log (x + iy) = 2ni + log(x + iy)
~ Log (x+iy) = 2nmi + %log(x2 +yH)+i tan‘lf
Log(x +iy) = %log(x2 +y2)+i(2nm+ tan™t %) ORI 7

Caution: 6 = tan 'y/x only whenxandy are both positive.

In any other case 6 is to be determined from x =rcosf,y=rsinf,—nt < 0 < m.

SOME SOLVED EXAMPLES:

1. Considering the principal value only prove thatlog,(—3) = IO?OBTJ;“T
Solution: Since log(x +iy) = %log(x2 +y2)+i tan‘li—/
Puttingx = —3,y = 0

we have log(—3) = %(9) +itan™?! (_%) = %log 32+ im=log3+im

__loge(=3) __ log3+im
logz( 3)_ loge2 - log 2

2.  Find the generalvalue of Log(1+ i)+ Log (1—1)
Solution: log(1 +1i) = %logz +i §= log~\2 + if
~Log(1+1i) =logv2 +i (Znn +§) (General value)
Changing the sign of i,
Log(1—1i) =logv2—i (2mr+ E)

By addition, we get Log(1+ i) + Log(1—1i) = 2 logV/2 = 2.%log2 =log2

3.  Prove that log(l + eZie) =log(2cosB)+1i0
Solution: log(1+e21®) =log(1 + cos 26 + isin 26)
= log(2 cos? 0 +i2sin O cos B)
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= log(2 cos 6 (cos @ + isin6))
= log(Z cos@ - eie)

= log(2 cos 0) + log(e'?)

= log(2 cos ) + i6

4.  Find the value of log [sin(x +1y)]

Solution: We have, sin(x + iy) = sinx cos hy + icos x sin hy

cos x sin hy)
sin x cos hy.

Now, sin?xcos h?y + cos?x sinh?y = (1 — cos?x) cos h?y + cos?x (cos h?y — 1)

~logsin(x + iy) = %1og(sin2 xcos h? y+ cos?xsinh?y) +itan™? (

= cosh?y — cos®x

_ (1+cosh2y) (1+c052x)
2 2

= %(costh— cos 2x)

(cos h 2 y—cos Zx)

~logsin(x + iy) = % log + i tan~!(cotx tan hy)

. a-ib\| _ 2ab
5.  Show that tan [1log (a+ib)] ==
Solution: We have log(a — bi) = %log (a® +b?) — itan‘1§
And log(a + bi) = %log(a2 + b?) + itan‘lg

~ log (

~ilog (Z;Zi) = —2i2tan‘1§ = 2tan™?! 5

tan{ilog (Z;—Zi)}= tan (Ztan‘1 3) 3

s tan {i log (a_bl:

a+bi

_bl:) = log(a— bi) —log(a + bi) = —2itan™! Z

a
a+bi

Ja? + b?

)}z tan20 where tan‘lg =0

__ 2tan® __ 2(b/a) _ 2ab
T 1-tan?26  1-(b2/a2)  aZ-b?

6.  Prove that cos [i log (ﬂ)]

a+ib

__a®-p?
aZ+b?

Solution: We have log(a — bi) = %log (a® +b?) - itan‘lg
And log(a + bi) = %log(a2 + b?) + itan‘ls

~ log (a_—bl) = log(a — bi) —log(a + bi) = —2itan™! g

a+bi R —
i Jaz + b2
a—bl)

. . _1b 1 b
~ilog ( -) = —2i’tan™'= = 2tan™! -
a+bi a a

cos [i log (a_ib)] = cos (Ztan‘1 s) A

a+ib
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. a-ib _1b

cos [l log (m)] = c0s20  where tan 1; =0
a2 p? _ a?—p?
a?+b?  a?+b?  a?+b?

= c0s*6 — sin?0 =
7. Separateinto real and imaginary parts Vi '
1/2
— .=.1/2=( T LT _ T _ 11
Solution: We have Vi = i cos 7 + lSan) cos + ising ﬁ+ l.\/7
1/2 . 1/2 .
Also /i = (cosz+ isinE) = (eim/2) /22 gim/a
2 2
Vi . (L+i.i) . . 3 ,
(\ﬁ) — {elrc/4} vz V2 — eln/4\/f /42 — e 71:/4\/7_6,171/4\/?

— T PR s
=e ”/4‘/7(cosﬁ + Lsm—)

VZ 42
- RealPart = e~ ™/*VZ¢og (ﬁi) & ImaginaryPart = e~ ™/*2Zgip (ﬁi)
8.  Find the principal value of (1+ i)~
Solution: z= (14
~logz = (1 —Dlog(1 +1i)
~logz = (1—i)[logyT +1 +itan~11]
=(1-19 ElogZ + i.ﬂ
1 . 1 .
= (ElogZ + f) + l(f— ;logz) =x + iy say
nz=e Y =e* eV =e*(cosy +isiny)
1 T
— o\Glog2+7 T_1 isin(®—21
= e(z 4)[603 (4 2logZ)+ Lsm(4 2logZ)]
1 . 1 2]
= \/fe”/‘*[cos (f - ElogZ) + isin (f— > logZ)] v e2 982 = logVZ — |7
9.  Prove thatthe generalvalue of (1+ itana)™'is e?™™*[cos(logcosa) + i sin(logcos a)]
Solution: Llet1l+itana =re ‘¢
21?2 =1+ tan’a = sec’a 5T =seca
tana

And 0 = tan‘l( " ) =tan (tana) = a

Now, Log (1 +i tana) = log(r e ®) = logr + 2mm + 6)i
= logseca + (2mm + a)i
~14itana = e[logseca+(2mn:+a)i]
(1 +i tana)_i — e—i[logsec a+@2mnr+a)i]
_ p2mm+a ,-ilogseca
— eZmn+a_ei(logcosa)
= e2Mm+2 [cos (log cosa) +i sin(log cos a)]
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10. Considering only principal value, if (1 + i tana)+itan8 jsreal, prove that its value is (seca)seczﬁ
Solution: Let z = (1+i tana)'*itank
Taking logarithms of both sides,
Logz = (1+itanf)log(1 + i tana)
= (1+itanp) Elog(l + tan’a) + itan‘ltana]
= (1+itanp)[logseca + ia]
~logz = (logseca — atanp) +i(a + tanBlogseca) = x + iy say
Where x = logseca — atanf andy = a + tanflogsecca .................(J)
Now, z = e**Y = e* e = e*(cosy + isiny)
Since by data z is real
~e¥siny=0 ~y=0 ~cosy=1
£z =eXcosy = e¥ = elogseca—atanf from (i)
nz = elogseca p—atanf — gocq e-atanf (i)
Butsince y =0, from(i) a+ tanflogseca =0
~ —a = tanflogseca
- —a tanB = tan?pB.log sec a = log (sec a) ©¥n°B
s e—atanp — (sec a)tanzﬁ

~from (i) z = seca. (sec a)t¥’F = (sec &) (1+tan*B) = (sec q)%ec’ P

NX+ LY
11. | %z a+ip, find aand 3
NX+HIY
Solution: %= a+ip,

(a+ib)**+
(a—ib)*~y

) =log(a+ip)
log(a +iB) = (x+ iy)log(a+ ib) — (x — iy)log(a — ib)
log(a+ip) = (x +iy) E log(a® + b*)+itan™! (S)] -(x—-1iy) E log(a* +b*) —itan™! (g)]

Taking logarithms of both sides, log (

log(a+ iB) = 2i [xtan‘ls + %log(a2 + bz)]

= 2ik say where k = [xtan_ls +§log(a2 + bz)]

~(a +iB) = e?* = cos2k + isin 2k
~a = cos2k, B = sin 2k where k = [xtan‘ls +§log (a® + bz)]
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12, Ifi%"B =g +ip (or i = i B), prove that a? 4+ B2 = e~“n+DTB Where n is any positive

integer
Solution: Sincei = cos (Znn + g) + isin (Znn + g)
we have i*"1B = +ip
[cos (Znn + g) + isin (Znn + g)]aﬂﬁ =a+if

ei(2n1'r+§)(a+i[>’)

=a+if
e—(2n1'[+§)ﬁ+i(2nn:+§)a = a+ iﬁ
e—(anr+g)ﬁ-ei(2m‘t+2§)a = a+ i,B

e‘(Z"”‘“g)ﬁ [cos (Znn+ g) a+ isin(Znn + g) a] =a+if
Equating real and imaginary parts
e—(4n+1)§ﬁ cos (2n7T+ g) a=a and e‘(4n+1)§3 sin (2n7r+ E) a=p

Squaring and adding, we get a? + B2 = e~“n+Dnf

13. Provethat log tan(f + lf) = i tan~!(sinhx).
Solution: logtan G + %) = log {itzz—m}
_ 1+itan h (x/2)
=1 {1—itanh(x/2)}
=log[1 +itanh (x/2)] —log[1 —itanh(x/2) ]

=|210g (1+ tanh? (%)) + itan—'tanh(Z
3109 ( ®) )

- E log (1 + tan h? (g)) —itan"'tanh G)]

2tanh(x/2)

o _1 .
1—tanh2(x/2)} = itan™" (sinhx)

=2itan~! tanh(?) = i.tan‘l{

v 2tan"la= tan‘l{ 2a }

1—-a?

Practice Problems:

1. Separateinto real and imaginary parts
(i) it (ii) (—i)G-D (iii) G+
2. Ifel*=iP prove that%= 2nn+g

-1B

o

3. If(1+i)*'Y =a+ip, provethat tan =fx+§log2

4.  Prove that principal value of (1 +itana)™ is e*[cos(logcosa) + i sin(logcos a)]
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5.

Prove that the real part of the principal value of (1 +1)!°81 is e™™/8cos Glog 2)

(i)Y o e

If Dy = a+ip, find aand 8

I H— . , 2 oo e/
If /i = o +i B,prove thata? + p2 = e ™8
Find all the root of the equation tanhz+2 =0
If tan[log(x +iy)]| =a+ib Provethat tan[log(x? + y?)] = 1_1122;“_1)2 when a? + b? # 1.

ANSWERS
—(2n+2)

(i) e 2T (i) e"2(cosm/2 + isinm/2)

(i) ie ™2(cosm/2 +isinm/2)
. 1 . 1
a= cosk, 3 =sink Wherek=(xg+ylog2) 8. —Elog3+1(n+;)n
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