KJSCE - SVU COMPLEX NUMBERS SEM-I

INVERSE HYPERBOLIC FUNCTIONS:
If x = sinh u then u = sinh™! xis called sine hyperbolic inverse of x, where x is real.
Similarly we can define cosh™'x, tanh™!x, coth™x, sech™'x, cosech™'x.

The inverse hyperbolic functions are many valued but we will consider their principal value only.

Theorem: Ifxis real.

(i) sinh ™ Ix=log (x++/x2+1) (i) cosh™lx=log (x+x%2—1)

. 1o _ l lﬁ
(ili) tanh™'x= 2log( )

1-x

Proof: (i) sinh™!x= log (x++/x2 +1)

letsinh™lx=y

. eY—e™
x = sinhy = .
1 e?V-1
= y —— =
2x= e o T

ey —2xe?Y—1=0
This equation is quadraticin e¥.
y 2Xi’V4X2+4
ey =———

2
eV =x+Vx2+1
y=log (x £ Vx2 +1)
Butx —Vx2 +1< 0 and log(—ve) is not defined.
~y=log (x +Vx2+1)
sinh~1x = log(x + Vx2 + 1)
(ii) cosh™1x = log(x +Vx2 — 1)

Letcosh™lx =y

eY+e ™V

X = cosh y = —

1 e?V+1

= y _——=——
2x=¢e +ey I~

e?y —2xe¥+1=0

eV — 2XEVaxT-4
2
e = x £ VKT -1
y =log (x+vx? —1) ceverrereresnsenesnnnnnn (1)
Consider, y =log (x— Vx?2—1) cevereerrie e nnennn (2)

e¥ =x—+vVx?2—-1,
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_ 1 WET _ xTT
eV = = e O

T xVX—1 T x+XP-1 | x2-x%+1
—y =log (x+ Vx2—1)
y = —log (x +Vx2 — 1) USRS (<)
Equating equation (2) and (3), we get
log (x—Vx2—1) = —log (x + Vx2 — 1) SOOI )|

From equation (1) and (4), we get
y = +log (x+Vx2—1)
cosh™x = +log (x + Vx2 — 1)
~ X = cosh{tlog (x + \/m)}
= cosh{log(x + Vx2 — 1)} since cosh(—z) = coshz
~ cosh™1x = log (x + Vx2 — 1)

“1x = 1o (1)
(iii) tanh~'x 2log =
Let tanh™Ix =y
x = tanhy
x _ e¥-e™V
1 - eY+e Y

Using componendo-dividendo

1+x _ e¥+eV+e¥-eV
1-x eY+e V—e¥+ eV

- zzee—yy = e
e?y = g
2y = log (1) y =3log ()
tanh™1x = %log (1%)

SOME SOLVED EXAMPLES:
1.  Provethattanhlog Vx = i—;i Hence deduce that tanh log+/5/3 + tanh logy7 = 1

Solution: Lettanhlogvx = a
logvx = tanh™ '«

%logx = %log (i—j)

1+a
1-a
x-1 _ (Q+a)-(-a) _ 2a _

x+1  (Q+a)+(1-a) ~ 2
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. —x1
~tanhlogx = vl
Putx =5/3 and x = 7 and add

(/3)-1,7-1_ 2, 6 _
log h(log/5/3) +tanh (log\/7) = comtmm—sts=1
2. (i) Provethatcosh V1 +x2 = sinh™'x
Solution: Letcosh™'V1+x2=y  ~+v1+x2% =coshy
=1+ x% = cosh?y ~ x2 =cosh?y —1 = sinh?y
. X = sinhy &y =sinh 1lx s~ cosh™ V1 +x2 =sinh™x
(i) Provethattanh™lx = sinh™?! —
Solution: Llettanh™lx =1y . X = tanhy
x _ tanhy _ tanhy __sin hy coshy _
Now, Vi—xZ J1-tanh?y - JcoshZy—sin hZy/cosh?y " coshy X 1 =sin hy
“a— cin h-1 % . 1, — cinh-1_%
Ly =sinh Newrol ~tanh™'x = sinh =
ese -1 2 _
(i) Prove that cosh™ (\/1 + x ) tanh™ (\/W)
Solution: Lletcosh™V1+x2=y ~+v1+4+x2 =coshy
~1+x% = cosh?y ~x?2=cosh?y —1=sinh?y .~ x=sinhy
. _ sinhy _  x o -1 x
“tanhy = coshy  Vi+xZ y = tanh (V 1+x7)
. -1 2) — -1 X
=~ cosh (\/1 +x )—tanh (\/ﬁ_-m)
; 1(xy 1 x+a
(iv) Provethatcot h™ a) =3 log (x_a)
ion. 1(%) = X -t _ 1 _a
Solution: Letcot h™ (a) =y ~ = cot hy ~tanhy= cothy —xja
_ a 1+(a/x) 1 x+a
y= tanh” (x) (1 (a/x)) 2 (x—a)
. -1(x) -1 xta
~cot h (a) T2 log (x—a)
(i) Prove thatsech™1(sinf) = log cot g
Solution: Letsech™!(sinf) =x -~ sin 0 = sechx asing=——=—2—= 2¢”

coshx  eX+e~X  e2X41
~ (sin@)e?* —2e* + sinB = 0 This is a quadraticin e*

L eX = 24+V4—=4sin?§ _ 1+cos @

2sin 6 ~ sin@
x _ Ll+cosf _ 2 cos?(6/2) 2
e = cot—
sin @ 251n(9/2)cos(9/2) 2
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~ x = logcot (g) = sech™1(sinf) = log(cot6/2)

1,i60

3. Separateinto real and imaginary parts cos™te'® or cos™!(cos8 + isin )

Solution: Letcos el = x +iy, e = cos(x +iy)
cos @ + isin@ = cos x cos(iy) — sinx sin(iy) = cos x coshy — i sinx sinhy
Equating real and imaginaryparts cosf = cos x coshy and sinf = —sinxsinhy
Since cosh?y — sinh?y =1
(cose)z _ (—sin9)2 _1

cos x sinx

_cos’6  sin?6

" cos?x  sinZx

. 1-sin® @ sin?6

"1-sin2x sinZx

. (1-sin? @) sin? x—sin? 6(1-sin?x)

(1-sin? x) sin? x

1

=~ sin®x — sin? x sin® @ — sin? 0 + sin® x sin% 0 = sin? x — sin*x
. sin® x —sin? @ = sin? x — sin*x
s —sin?6 = —sin*x

~sin?6 = sin*x

~4/sin@ = sinx weererereeen (1)
. x = sin~!+/sin @
Since sin§ = —sinx sinhy
sin@® = —/sin @ sinh y from (1)
& —y/sinf = sinhy

«y = sinh~*(—/sin @) = log(—/sin @ + v/sin@ + 1)
~y =log(vV1+sinf —+/sind)
~cos tel® = x +iy = sin"1 y/sinf + ilog(vT +sin @ —+/sin6)

4.  Separateintoreal and imaginaryparts sinh™!(ix)
Solution: Letsinh™!(ix) = a +if
~ix = sinh(a + iB) = sinha cosh(if) + cosh a sinh(if)
= sinha cos§ +icoshasinf

Equating real and imaginary parts sinha cosf =0
.'.cosﬁ:O ﬁ:g .'.sinﬁ:l
Also coshasinff = x

~cosha =x [ sing =1 ]
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~a =cosh™1x

~sinh™1(ix) = a +if = cosh™1 x + ig

L1 S S l)
5. Iftanz-z(l l),provethatZ—ztan 2+4log(5
Solution: tanzz%(l—i)
Ll 2y 1.1
tanz-z(l l)—21+2
Letz=x+ iy .'.tan(x+iy)=§+— tan(x —iy) = %

~tan(2x) = [(x + iy) + (x — iy)]

_ tan(r+iy)+tan(x—iy) _ [(‘)+(§)]+[(§) ' 1
et ane) = (DO E-0] D 1

~2x=tan"12 LX= %tan‘12

Now, tan(2iy) = tan[(x +iy) — (x — iy)]

__ tan(x+iy)—tan(x—iy) [(')+(%)] [(%) ()] i _ i _ 2.

T 1+tan(x+iy)tan(x—iy) 1+[(§)+(2)”(1)_(l)] 1+[(1)+(%)] Ta1+(1/2) Sl

-'-itanh2y=§i ~tanh 2y = %
"9y — 1(2)_1 1+(2/3)] _ 1 o1
~ 2y = tanh (3) = 2log [—1_(2/3)] = 2log 5 Ly = 4log5

cz=x+iy= %tan‘12+ilog5

-1 (222 = Ly X
6.  Show thattan [l (x+a)] =3 log "
Solution: Lettan™?! [i (ﬂ)] =0
x+a
. (x—a el —e~i0
L (H) =tanb = i(elf +e~i6)
Lx—a e 0 _¢tf [ iz _ _1]

T xta  elfye-if
(r-a) +(xta) (e=10—¢if) 4(elf 4 ¢=i0)
(x—a)—(x+a) ~ (e~i0—eif)—(ei0+e—i0)

By componendo and dividend

PR —26_%2 =e20 . Z=p200 . _2if =]og>
—-2a  -2¢é a a

. . — ilacX . pg=1L X
Multiply by i throughout, 26 = lloga . 0= 2log (a)

tan™[i (550)] =100
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