KJSCE - SVU COMPLEX NUMBERS SEM-I

SEPARATION OF REAL AND IMAGINARY PARTS:

Many a time we are required to separate real and imaginary parts of a given
complex function.

For this, we have to use identities of circular and hyperbolic functions.

In problem where we are given tan(a + if) = x + i y, we proceed as shown below
Sincetan(a +if) =x+iy,wegettan(a —iff) =x —1iy.
o~ tan2a = tan[(a + if) + (a — iB)]

__ tan(a+ip)+tan(a—if)
o 1—tan(a+ipB). tan(a—ip)

_ (x+iy)+(x-iy) 2x
T 1-(x+iy)(x—iy)  1-x2—y?
s~ 1—x%—y? =2xcot2a ~x?+yr+2xcot2a—1=0

Further, tan(2if) = tan[(a + if) — (a — iB)]

__ tan(a+ip)-tan(a—if)
o 1+tan(a+iB) tan(a—ip)

. _ (x+iy)-(x-iy) 2y
itanh2f = 1+(e+iy)(x—iy)  1+x2+y2
. %
~ tanh 2 = e

~1+x2+y%2=2ycoth2f ie,x?+y%2—2ycoth2f+1=0

SOME SOLVED EXAMPLES:
1. Separateinto real and imaginary parts tan‘l(eie)
Solution: Llettan e =x +iy . e =tan(x +iy)
% cos6 +isinf = tan(x + iy)
Similarly, cos@ — i sin 8 = tan(x — iy)

Now, tan 2x = tan[ (x + iy) + (x — iy)]
__ tan(x+iy)+tan(x—iy)
o 1-tan(x+iy) tan(x—iy)

__ (cosB+isin@)+(cosf—isinf) 2 cosf
" 1—(cosO+isin0)(cos@—isin®)  1-(cos20+sin28)
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_ 2 cos@ _ 2 cos@

= = = 00
1-1 0
T T
S 2x = — O
2 4

Also tan 2 iy = tan[(x + iy) — (x — iy)]
__ tan(x+iy)—tan(x—iy)
o 1+tan(x+iy) tan(x—iy)

__ (cos6+isinB)—(cosf—isinf) 2 isin@ __ 2isin6
" 1+(cosO+isin0)(cos@—isin®)  1+(cos20+sin28) 2
~itanh 2y =isinf ~tanh 2y = sin 6@
~ 2y = tanh™!sin@ Ly = %tan h~1lsin@
. . . x? y?
2. Ifsin(e —ipB) = x+iythen prove that + = 1and

cosh2B ~ sinh2p
X2 y2
sin?a  cos?’a

Solution: sin(a —if)=x+iy

~sinacoshf +icosasinhf =x+1iy
Equating real and imaginary parts, we get,

sinacoshff =x andcosasinhff =y

x2 yZ

" cosh?f = sinh2p
x? y2 2 . 2
- = cosh*f —sinh“f =1

sin?a  cos?a

= sin*a + cos?a =1 and

3. Ifcos(x+iy)=cosa+isina,prove that
(i) sina = +sin?x = + sinh?y (i) cos2x + cosh2y =2
Solution:cos(x + iy) = cosa + isina
cos x cos(iy) — sinx sin(iy) = cosa + isina
cosx coshy —isinxsinhy = cosa +isina
Equating real and imaginary parts, we get,

cosx coshy = cosa and —sinx sinhy = sina
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(i) Sincesin?a + cos?a =1
= sin? x sinh? y + cos? x cosh?y = 1
sin? x sinh?y + (1 — sin? x)(1 + sinh?y) = 1
sin? x sinh? y + 1 + sinh? y — sin? x — sin? x sinh? y = 1
1+ sinh?y —sin?x =1
sinh?y —sin?x = 0
~sinh?y =sinx ... (i)
s sinhy = +sinx
~sina = —sinxsinhy = —sinx (+sinx) = +sin?x
(i) cos2x + cosh2y =1 —2sin?x + 1+ 2sinh?y
=2 —2sin?x + 2sin’x cevene.. from (i)
=2

4. Ifx+iy=tan(n/6+ i a),prove that x> +y% +2x/\/3 =1

Solution:  We have to separate real part /6 and imaginary part

tan(z+wc)—x+1y tan(g—la)zx—iy

(£ 1) + (2 )] - k)

. . T .
1- tan(g+la).tan(g—la)

T (x+iy)+(x-iy)

wtang = G i)
\/_ T x2—y
W1l —x2%—y? j—;
nx?+y? +%= 1.
5. Ifx+iy=ccot(u+iv), show that sir:CZu - Sinfl 20 cosh ZvC—cos 2u’
Solution:  We have x + iy = ¢ cot(u + iv) . x =iy = ccot(u — iv)

% 2x = c[cot(u + iv) + cot(u — iv)]

— [cos(u+iv) cos(u—iv)

sin(u+iv) sin(u—iv)
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[cos(u+iv) sin(u—iv)+sin(u+iv)cos(u—iv)]

sin(u+iv)sin(u—iv)

csin[(u—iv)+(u+iv)]

s 2 =

—[cos(u+iv+u—iv)—cos(u—iv—u+iv)]/2

csin2u csin2u

SEM-I

X = = (1)

—[cos2u—cos 2 iv] " cosh 2v—cos 2u

Now, 2iy = c[cot(u + iv) — cot(u — iv)]

_ [cos(u+iv) . cos(u—iv)]
o sin(u+iv) sin(u—iv)

_c [cos(u+iv) sin(u—iv)—cos(u—iv) sin(u+iv)
o sin(u+iv)sin(u—iv)

csin[(u—iv)—(u+iv)]

y —[cos(u+iv+u—iv)—cos(u+iv—u+iv)]/2
¢ sin(—-2iv) icsinh2v

‘. ]_y: =

—[cos 2u—cos 2iv] cos h 2v—cos 2u

—csinh 2v

LY E———— (2)

cosh 2v—cos2u

From (1) & (2) —=—-—2—= -

sin2u sinh2v  cosh 2v—cos 2u

6. Ifu+iv=cosec G + i x),prove that (u? + v?)?

Solution: We have =u+iv

1
sin[(7r/4)+ix]

1 1 u—iv u—iv

= 2(u? —v?)

~ sin (E + ix) = =
4

u+iv - u+iv u—iv = u?+v?

. T . T . . u—iv
& SIN—COSL X + CcOoS —SInix =
4 4 uz+p?
1 A u—iv
—coshx +i—=sinhx =
V2 V2 u2+v2

Equating real and imaginary parts cos hx = \/7(

u2+v?

But cosh?x — sinh?x =1

Z(ﬁ)—z(miﬁ)ﬂ

222 — v?) = (U? + v?)?
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7. Ifx+iy=cos(a+if) orifcos ™ (x+iy) = a+ i expressxandy interms
of a and f.

Hence show that cos?a and cosh?f are the roots of the equation
AP—(x?+y2+1DA+x%2=0
Solution: We have cosa cosiff —sinasiniff = x + iy

s cosacoshf —isinasinhf = x + iy

Equating real and imaginary parts cosacosh f =x and sinasinhff = —y
We know that, in terms of the roots, the quadratic equation is given by
A% — (sum of the roots)A + (product of the roots) = 0
Hence the equation whose roots are cos?a and cosh?f is
A% — (cos?a + cos?B)A + (cos?a.cos?B) =0

This means we have to prove that x? + y? + 1 = cos?a +cos h?8 and

x% = cos?a cos h?f

Now, x2 + y2 + 1 = cos?a cos h?f + sina sin h?f + 1
= cos?a cosh?f + (1 — cos?a)(cosh?f —1) + 1

= cos?a cos h?f + cos h?F — 1 — cos?a cos h*p + cos?a +

= cos?a +cos h?pB = sum of the roots
And x? = cos?a cosh?f = Product of the roots

Hence the equation whose roots are cos?a, cos h?f is
A —(x2+y2+1DA+x%2=0

SOME PRACTICE PROBLEMS:

1. Separate into real and imaginary parts.
(i) cosh(x + iy) (i) cos(x +iy) (iii) coth(x + iy)
(iv) sech(x +iy) (v) cothi(x +iy) (vi) tan(x +iy)
(vii) cot(x +iy)

2. Separate into real and imaginary parts tan (a +i )

3. Separate into real and imaginary parts sin‘l(eie)
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4. If A+iB = Ctan(x + iy), prove that tan2x = —cz—z,:f—BZ

5. Ifcos (6 +i®)=r(cosa+isina), prove that

1
rz =§[cosh2¢+c052 0] & tana = —tanf tanh @

2 2 2 2
6. Ifcos(a+ipf)=x+1iy,Prove that e

cosh2f ~ sinh2p cos?a  sinca

7. Ifsinh(a+ib) =x+ iy, prove that
x2cosech?a + y%sech?a =1 and y?cosec?bh — x%sec’bh =1

8. Ifsin(x +iy) = cosa + isina, Prove that

1 cos(x—a)

() cosh2y—cos2x =2 (i) y= > lo

cos(x+a)
(iii) sina = + cos?x = + sinh?y

9. If cosh(@ +i®) = e' %, prove that sina = sin*® = sinh*0

10. Ifcos(u+iv) =x+iy Provethat, (1+ x)?+ y? = (coshv + cosu)? and
(1 —x)%+ y? = (coshv — cosu )?

11. Iftan(a + i) = x + iy, prove that
x2+y?+2xcot2a =1, x2+y?—2ycoth2f+1=0

12. Iftan(§+ia)=x+iy,provethat, x2+y2—%—1=0

13. Ifcot(a+iB) =x+1iy,prove that
x2+y?—2xcot2a =1, x> +y2+2ycoth2f+1=0

14. If tanh (a + %) = x + iy, prove that, x? + y? + 1

2 _
V3
15. Ifcoth(a +im/8) = x + iy, provethat x? + y2 + 2y =1
16. If sinh(x + i y) = e!™/3, prove that

(i) 3cos?y — sin?y = 4sin?y cos?y

(i) 3sinh?x + cosh?x = 4sinh®xcosh®x
17. fx+iy= 2cosh(a +i?n),provethat 3x2 —y? =3

18. If cot(u + i v) = cosec(x + i y), prove that cothysinh 2v = cotx sin 2u

sinu+isinhv

cosu+coshv

19. Show that tan (u+2i U) =
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20. Ifsin"f(a+iB)=x+iy,
show that sin?x and cos h?y are the roots of the equation
M —(®+B2+DA+a%2=0
21. If (u + iv) = x + iy, prove that the curves u = constant, v = constant are a
family of circles which are mutually orthogonal

ANSWERS

1. (i) coshxcosy +isinhxsiny
(ii) cosxcoshy —isinxsinhy

(iii) (sinh2x — isin2y)/(cosh2x — cos 2y)
(iV) (2coshxcosy—2isinhxsiny)

(cosh 2x+cos 2y)
(v) (—sinh2y —isin2x)/(cosh2y — cos2x)
(vi) (sin2x + isinh2y)/(cos2x + cosh 2y)
(vii) (sin2x — isinh2y)/(cosh2y — cos 2x)
2. tan 1[2a/(1 - a? - B?)], %tanh‘l[z B/(1+ a? + p?)].

3. cos WsinO +isinh~/sin @
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