KJSCE - SVU COMPLEX NUMBERS SEM-I

HYPERBOLIC FUNCTIONS

SOME SOLVED EXAMPLES:
1. Iftanhx = %,find sinh 2x and cosh 2x -

e¥—e™* 1

eX+e* 2

Solution: tan hx =

e?*-1 1 2x 2x 2x
.'.mzz L2e —2=e +1 Se =3
, e?¥—e=2X  3-(1/3) 4 e?*4e=2X  34(1/3) 5
Now, sin h2x = > = 2/ =3 Now, cos h2x = > = 2/ =3

2.  Solve the equation 7cosh x + 8sinh x = 1 for real values of x.
Solution: 7cosh x + 8sinhx =1

Putting the values of coshx and sin hx, we get

7 (S)+8(5) =1

~7e*+7e ™ +8e*—8e ¥ =2 ~15e* —e™* =2

~ 15e?* —2e* —1 =0 Solving it as a quadratic equation in e¥,

x _ 2Ey4-4s)(01) _ 248 1 1

2(15) S0 3 75
-~ x = log (—) orx = log( %)

Since xisreal, x = log( ) = —log3

e

3. |Ifsinh~'a + sinh™'b = sinh~1x then prove that x = av1 + b2 + bV1 + a2

Solution: letsinh™' a= a, sinh b= f and sinh ™t x=y

We are given sinh™'a + sinh™'b = sinh™1x ca+pB=y
=~ sinh(a + ) = sinhy
=~ sinh a cosh f + cosh @ sinh 8 = sinhy ................ (A)

Butsinha =a, sinhf =b, sinhy =x
~cosha=vV1+sinh2a = V1+a? and coshf =/1+sinh?2f = V1 + b2
Putting this values in (A), we get avVi+b2+bVl+a?=x
4. Prove that 16 sinh®x = sinh 5x — 5sinh 3x + 10 sinh x

X_ =X\ D
Solution: LHS= 16sin®x =16 (e Ze )

— ;_Z'(eSx — 5e*e X 4+ 10e3%e 2% — 10e2¥e 3% 4 SeXe ¥ — ¢5%)

= %(eSx —5e3% + 10e* — 10e™* + 5e73% — ¢75%)

Applied Mathematics — | 1 Prof. Nandini Rai



KJSCE - SVU COMPLEX NUMBERS SEM-I

e5X_g—5% e3X4e—3% eX—eg—X
:( 2 )_5( 2 )+10( 2 )
= sinh 5x — 5sinh 3x + 10sinhx = RHS
5. Prove that 16cosh®x = cosh 5x + 5 cosh 3x + 10 cosh x

. 5 eXre*\> . .
Solution: [.h.s = 16cosh’x = 16( > ) [By Binomial Theorem]
= 5[e5x + 5e* e™* + 10e3¥e ™2 4+ 10e*¥e 3% 4+ S5e¥e ¥ + ¢75%]
_ (eSx+e—5x) 5 (e3x+e—3x) + 10 (ex+e—x)
2 2
=cosh5x+5cosh3x+10coshx =r.h.s
6. Prove that 1;1 = cosh?x
—
" T1—cosh2x
. _ 1 _ 1 _ 1 _ 1
Solution: . h.s = " —— T = R ea—
_ 1+cosec h?x coth2x
—sinhZx
1 _ cos h?x _ 2
_sinh?x 7 cosh2x—sinh2x cos h%x
cos h2x
6
7. Ifu=logtan G + ;), Prove that
(i) coshu = secH (ii) sinhu = tan 6 (iii) tanhu =sin@

(iv) tanh®=tanZ
2 2
Solution: (i) u =logtan G + g)

- e = tan (n’ n g) __ 1+tanf/2

4 ' 2) " 1-tan6/2
-u _ 1—-tanf/2
1+tanf/2
el+e U
~coshu =

2

1 [(1+2 tand/2+tan?6/2)+(1-2 tan9/2+tan29/2)]

2 1-tan26/2
1 (2+2tan?6/2 1+tan?6/2 1
==z (—/ ) = /2 _ = secH
2 \ 1-tan29/2 1-tan26/2 cos@
(i) sinhu = Vcosh?u —1 =+Vsec2 — 1 = Vtan? 6 = tan 6
inh tan 0 sin 6
sinhu an .
(iii) tanhu = = = <058 —5in g
coshu secH —_—
cos 6@
. u sinh(u/2 2sinh(u/2).cosh(u/2 sin hu tan 6
(iv) tanh(—)z w2 _ (u/2) w/2)  _ _
2 cosh(u/2) 2cosh(u/2)cosh(u/2) 1+cos hu 1+sec®

(By (i) and (ii) )
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. u\ _ sinf@/cosO __2sin(8/2)cos(8/2) _ sin(6/2) _ g
“tanh (2) - (cos6+1)/cosO - 2c0s%2(6/2) - cos(6/2) = tan 2
8. Ifcoshx = sec@, Prove that

(i) x = log(secO +tanB) (ii) 6 = % —2tan™1(e™*) ({iii) tanhg = tang

Solution: (i) coshx = secH

eX+e™™ N e*+e™*
" = secH By definition cos hx = >

neX¥— 2sec+e*=0 ~(e¥)? —2e*sec +1=0
Solving the quadraticin e”*,

e* = sect + Vsec?0 — 1 = sec + tan 6

~ x = log(secO *+ tan @) = tlog(secHd + tan 6)

(we can prove that log(secf —tan ) = —log(secf + tan 9))

(i) Lettan™le™ =a ~e*=tana - e*=cota

e*+e™*  cota+tana
2 2

Now, by data sec@ = cos hx =

cosa sina 2
2 secld = cota + tana = — + ==
sina cosa sin 2a

~ cosf = sin 2a = cos (g - Za)

"0 = g —2a = g —2tan"t(e™%)

x  e¥2_eX/2  eX_1  secH+tanf—-1  1+sinH—cosO
(iii) tanh == = = = —
2 eX24e~X/2  eX41  secO+tanB+1  1+sinB+cosh
__ (1-cos8)+sinf 2sin?(68/2)+2sin(8/2) cos(6/2) __sin(6/2) 2]

= (rcost)+sing  2cos(6/2)+25in(0/2)cos(8/2)  cos(@/2) M2

SOME PRACTICE PROBLEMS
1. Iftanhx = 2/3, find the value of x and then cosh 2x.
2 Solve the equation for real values of x, 17 coshx + 18 sinh x = 1.
3. |If6sinhx+2cosh x+ 7 =0, find tanh x.
4. Ifcosh™'a + cosh™'b = cosh™x, then prove that
avb? — 1+ bva? —1=+Vx2 —1.
5. If cosh®x = acosh6x + bcosh4x + ccosh2x +d,
Prove that 25a —5b + 3c —4d =0
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6. Provethat cosh’x = 6—14 [cosh 7x + 7 cosh 5x + 21 cosh 3x + 35 cosh x]

7. Ifcosacoshf =x/2, sinasinhf = y/2, show that

() sec(a—ip)+sec(a+if)= x:fyz
(i) secla—ip)—sec(a+ipf) = %iyyz

8. Provethat cosech x + cothx = cothg

9. Prove that (coshx + sinh x)™ = cosh nx + sinh nx

cosh x+sinh x

n
10. Prove that ( ) = cosh 2nx + sinh 2nx

cosh x—sinh x

11. Iflogtanx =y, prove that coshny = %[tan”x + cot™x] and

sinh(n + 1)y + sinh(n — 1) y = 2 sinhny cosec 2x

12. Prove that 1;1 = —sinh*x

- 1
14sinh2x

13. If coshu = sec8,prove that
. . . . T 0
(i) sinhu =tané (ii) tanhu = sinf (iii) u = log [tan (Z + E)]
ANSWERS

1. llog5,— 2. x=—logh 3. =,—
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