KJSCE - SVU COMPLEX NUMBERS SEM-I

HYPERBOLIC FUNCTIONS

CIRCULAR FUNCTIONS:

From Euler’s formula, we have e = cos8 + isinf and e~ = cos@ — isin 6

ei9+e—i6 . ei@_e—ia
cosO = , Sinf@ = -
2 21
PR eiz+e_iz X eiZ_ e—iz
If z=x+ iy is complex number, then cosz = S, Sinz=—-1

These are called circular function of complex numbers.

HYPERBOLIC FUNCTIONS:

e¥—e

2

-X

If x is real or complex, then sine hyperbolic of x is denoted by sinh x and is given as, sinh x =
e¥+e™*
2

and Cosine hyperbolic of x is denoted by cosh x and is given as, coshx =

From above expressions, other hyperbolic functions can also be obtained as

tanhx = sinhx _ e”—e™ cosechx = —— = —2 sechx = ——— = —2 and
" coshx e*+eX ’ " sinhx  eX—e—x’ " coshx = eX+ex’
1 eX+e*
cothx = =

tanhx eX—e=X

TABLE OF VALUES OF HYPERBOLIC FUNCTION:

From the definitions of sinh x, cosh x, tanh x, we can obtain the following values of hyperbolic

function.
X —00 0 (o)
sinh x —00 0 o0
coshx 0 1 o0
tanh x -1 0 1
Note: since tanh(—o) = —1, tanh(0) =0, tanh(x) =1
~ |tanhx| <1

RELATION BETWEEN CIRCULAR AND HYPERBOLIC FUNCTIONS :

. . . ) L sinhix = isinx & sinx
(i) sinix = isinhx & sinhx = —isinix o
= —isinhix
(ii) cosix = coshx coshix = cosx
. . . . tanhix = itanx & tanx
(iii) | tanix =itanhx & tanhx = —itanix ] i
= —itanhix
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FORMULAE ON HYPERBOLIC FUNCTIONS :
CIRCULAR FUNCTIONS HYPERBOLIC FUNCTIONS
1 sin(—x) = —(sinx) sinh(—x) = —sinhx,
2 cos(—x) = (cosx) cosh(—x) = coshx
3 e™® = cosx + isinx e* = coshx + sinh x
4 e ¥ = cosx —isinx e * = coshx — sinh x
5 sin?x + cos’x =1 cosh?x — sinh?x =1
6 1 + tan®x = sec?x sech?x + tanh?x = 1
7 1 + cot?x = cosec?x coth?x — cosech?x = 1
sin2x = 2sinx cosx sinh 2x = 2 sinh x cosh x
8 _ 2tanx _ 2tanh x
T 1+ tan?x " 1- tanh?x
€os 2X = C0Ss?xX — sin®x cosh 2x = cosh?x + sinh?x
=2cos’x—1 = 2 cosh?x—1
9 =1 — 2sin®x = 1 + 2sinh?x
__1- tan®x __ 1+ tanh?x
" 1+ tan?x " 1- tanhZx
10 tan 2 2tan x tanth 2 2 tanh x
an = an e —
X 1— tan?x X 1 + tanh? x
11 sin 3x = 3sinx — 4 sin3x sinh 3x = 3 sinh x + 4 sinh3x
12 cos 3X = 4cos3x — 3 cosx cosh 3x = 4cosh3®x — 3 cosh x
13 can 3 3tan x — tan3x canh 3 3tanh x + tanh3x
= a =
A X = T 3 tan’x X 1+ 3 tanh?x
14 sin(x £ y) = sinxcosy tcosx siny sinh(x + y) = sinhxcoshy + coshxsinhy
15 cos(x +y) =cosxcosy +sinxsiny | cosh(x+ty) = coshxcoshy =+ sinhxsinhy
16 tan(x + v) tan x + tan y tanh(x + y) tanh x £ tanh y
an(x = — =
Y 1 + tan x tanh y anx Ly 1 + tanh x tanh y
cot xcoty + 1 —coth xcothy + 1
17 cot(xt+vy) = coth(x+vy) =
(x£y) coty + cot x (xty) cothy + cothx
. . . (XtY X—y . . . Xty X—y
" —2an (1) i
sinx + siny sin | —— ) cos ( > ) sinhx + sinhy = 2 sinh > cosh >
. o X+y\ . X—y . o X+y . x—y
19 smx—smy—Zcos( > )sm( > ) sinhx — sinhy = 2 cosh > sinh >
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X+ X — X+ X —
20 | cosx+ cosy = 2cos ( y) cos ( > y) coshx + coshy = 2 cosh ycosh Y
COSX — COSY X+y X—y
21 o (xX+y\ . X—y coshx — coshy = 2 sinh sinh
= —2sin ( ) sin ( )
2
22 2sinxcosy =sin(x +y) +sin(x—y) | 2sinhxcoshy = sinh(x +y) + sinh(x —y)
23 2cosxsiny = sin(x +y) —sin(x—y) | 2coshxsinhy = sinh(x +y) — sinh(x — y)
2 coshxcoshy
24 2 = -
cosxcosy = cos(x +y) + cos(x —y) = cosh(x +y) + cosh(x — y)
2sinhxsinhy = h(x +
25 2sinxsiny = cos (x —y) — cos(x +Y) S y— CC:SSh(());— ;I))

PERIOD OF HYPERBOLIC FUNTIONS:
sinh(2mi + x)

= sinh(2mi) cosh x + cosh(2mi) sinh x

= isin 2m coshx + cos 2m sinhx

= 0+ sinhx

= sinh x

Hence sinh x is a periodic function of period 2mi

Similarly we can prove that cosh x and tanh x are periodic functions of period 2mi and i .

DIFFERENTIATION AND INTRGRATION :

X -X

e —e

() Ify=sinhx, y= >
. d
If y = sinhx, == = coshx
dx
.. eX+e™*
(i) fy=coshx, y= >
dy .
If y = cosh x, = sinh x
(iii) Ify = tanhx — Sinhx
y= Y= coshx
. d_y coshx - coshx—sinhx -sinhx 1
Toax T cosh?x " cosh?x
d
If y = tanhx, é = sech®x

Hence, we get the following three results

[ coshx dx = sinhx,
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Ldy d (ex—e_x) _eXte™™
odx -

[ sinhx dx = coshx,

= cosh x

dx 2

d d (eX+e ™ eX—e™* .
°.—y=—( )= . = sinh x

dx dx 2

= sech®x

[ sech?xdx = tanhx
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