KJSCE - SVU COMPLEX NUMBERS SEM-I

Applications of De-Moivre’s Theorem
ROOTS OF ALGEBRAIC EQUATIONS:
De Moivre’s theorem can be used to find the roots of an algebraic equation.
General values of cos 8 = cos(2km + 6) and sin 8 =sin(2km + 0) where kis an integer.
To solve the equation of the type z" = cos 8 + isin 8, we apply De Moivre’s theorem
1
z=(cosB +isinf)n = cos%+isin %
This shows that (cos% +isin %) isone of the nrootsof z™ =cos 6 +isiné.

The other roots are obtain by expressing the number in the general form

1
z = {cos(2km + 0) + i sin(2km + 0)}n = cos (2k7111+6) +isin (zm:re)
Taking k=0,1,2,.............. ,(n—1). We get n roots of the equation.

Note: (i) Complex roots always occur in conjugate pair if coefficients of different powers of x
including constant terms in the equation are real.

(ii) Continued products mean products of all the roots of the equation.

SOME SOLVED EXAMPLES:

1. If wisa cube root of unity, prove that (1 — w)® = —27
Solution: Considerx3 =1 . x =13
~x= (cos0+isin0)3 = (cos2km+isin2km)'/3 = cosZan+ isinZkTﬂ
Putting k = 0,1, 2, the cube roots of unity are
Xo=1, x; = cosz?”+ isinz?” =w (say)
2
And x, = cos = + i sin= = [cosz—”+ L'sinz—n] =w
3 3 3 3
Now,1+w+w? =1+ (cosz?n+ isinz?n) + (cos%n+ isin%n)
=1+(—3+ iﬁ)+(—l—iﬁ)=1—1=
2 2
“lt+w?=-w

Now, (1 — @)® = [(1 = @)2]? = (1 — 20 + w?)?
= (—w - 2w)? = (-3w)? - 27w = -27
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2. Find all the values of 3\/(1 +)/V2 + 3\/(1 - /2

- S\ 1/3
Solution: 14t (i+ l)

vz \z2' V2
m\1/3

T 1/3
= (cos—+ Lsm—)
4 4

= [cos (an + g) + isin (an + %)]

1/3

= [cos ((8k +1) %) + isin ((8k +1) %)]
3/(1\/_+2i) = cos ((8k +1) 1—"2> + isin ((8k +1) 1—”2>
. 3(1-10) T .. T
Similarly, /? = oS ((Bk +1) E) — isin ((Bk +1) E)
csfard | sfa-n _ n
N v + 5 = 2 cos ((Bk +1) 12)

Putting k = 0, 1, 2 we get the three roots as

T ot 171 . T
2cos—, 2cos—, 2cos— i.e., 2cos—wherer =1,9,17
12 12 12 12

3.  Find the cube roots of (1 — cos@ — i sin®).

2

= [2 sin (g) (2 sin( ) _ lCOS( ))]1/3 _ (2 sin (g))1/3 [cos (g B g) e G B g)]l/s
= (2sin (Z)) [cos (an -(5- g)) +isin (an - (- §)>]
= (2 sin( ))1/3 [ ((4k 1)+9) T isin (@)]

Putting k = 0, 1, 2 we get the three roots

Solution: (1 —cos@ —isin@)Y/3 = [2 sin? (g) — isin (g) cos (2)]1/3

4. Find the continued product of all the value of (—i)%/3

/
Solution: (—)?/3 = (0+i(— 1)) (cos— —isin— )2 ?

= [cos (an + %) —isin (an + %)]2/3

= cos ((4k +1) g) — isin ((4k +1) g)

Putting k = 0, 1, 2 we get the three roots as

T . . T 5w . . b5m o . . 9
(COS— —1 Sll’l—) , (COS— —1 sm—) , (COS— —1 Sll’l—)
3 3 3 3 3 3
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~ Continued product
( T .. n)( 51 .. 5n)( or .. 9n)
=|(cos=—isin-)(cos——isin—||cos— —isin—
3 3 3 3 3 3
= cos(z+5—n+9—n)—isin(z+5—”+9—”)
3 3 3 33 3
= cos5m — isin5m =-1-i(0) =-1

1 NaSa
5. Find all the values of (5 +i ) and show that their continued product is 1.

2
3 3\1/4
Solution: (% + i?)4 = {(cosg + ising) }
= (cosm + i sinm)/* = [cos(2k + Dm + isin(2k + 1)m]V/*
= cos(2k + 1)%+ isin(2k + 1)%
Putting k = 0,1,2,3 we get the four roots as,
(cos% + isin%),(cos%ﬂ + isin%") , (cos%ﬂ + isin%”), (cos%ﬂ + isin%n)

(cos%ﬂ +isin %n) wherer = 1,3,5,7

The required product = cos (g + %ﬂ + %ﬂ + %) + isin G + %ﬂ + %ﬂ + %n)
= cos4m + isin4r = 1.
6.SOLVE: x” +x*+x3+1=0
Solution: x” +x*+x3+1=0 ~x*&3+1D+x3+1)=0
S HDE*F+H1) =0 ~xP=-1x*=-1
Consider x3 = —1
~x=(=14i0)3 = (cosm + i sinm)'/3 = [cos(2k + 1) — i sin(2k + Dn]*/3
= cos(2k + 1)§+ isin(2k + 1)%
Putting k = 0, 1, 2 we get the three roots
Similarly from x* = —1 we get the remaining four roots as
x = cos(2k + 1)% + isin(2k + 1)% where k =0,1,2,3
7.SOLVE: x*+x3+x*+x+1=0
Solution: x*+x3+x2+x+1=0
Multiplying the given equationby x — 1, weget (x — D)(x* +x3 +x2+x+1) =0
~ Wehavex®>—1=0 ~x°>=1=cos0+isin0
~ x> = cos(2km) + isin(2km)

. 2km . . 2km
~ x = (cos 2km + i sin 2km)/> = cos—+ isin—
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Putting k = 0,1,2, 3,4, we get the roots of the equation.

Xo =cos0+isin0=1,
2T

41
5 _l

41T ..
, X2 =COS?+LSIH S

X1 = cosz?n+ i sin
X3 = cos%n+ isin%n, Xq4 = coss?"+ ising?n
Itis clear that 1istherootsofx —1 =0
and the remaining roots are the roots of x* + x3 + x> +x+1=10
i.e., cos%ni i sinz?", cos%ﬂ +i sin%ﬂ
8.SOLVE: x*—x*+1=0
Solution: x*—x%2+1=0
Multiplying the given equation by (x% + 1), we get, 2+ DE*—x2+1)=0
S+ )3 =0 ~xf+1=0 wx®=-1
~x = (=14 0i)" = (cosm + isinm)?/®
= [cos(2km + ) + i sin(2km + m)]Y/® = cos(2k + 1) g + isin(2k + 1)%

Putting k = 0,1, 2, 3,4, 5 we get the six roots of equation

A . . T [ . . T . .
Xo = cos—+isin— x1=cosz+151n5=0+l(1)=l

51 . .. 5m 7T . . I
X, = cOS— + isin— X3 = cos— + isin—

6 6 6 6

3n . . 3m . . 11 ., . 11w
x4=c057+151n7=0+l(—1)=—1 X5 = €OS— + isin—

It is clear that i and - i are the roots of x? + 1 = 0 and the remaining roots

Xg, X, X3, X5 arerootsof x* —x2 +1 =10

9.  Find the roots commontox*+1=0and x® —i = 0.
Solution: Considerx*+1=0 ~x*=-1
x = (=1+4i0)Y* = (cosm + i sinm)¥* = [cos(2krm + m) + i sin(2km + m)]/*
X = oS ((Zk +1) %) + isin ((Zk + 1) %)

Putting k = 0,1, 2, 3 we get the three roots as

T ., . T 3n ., . 3m
Xo =cos—+isin-=1 Xy = cos— +isin—

4 4 4 4

51 . . 5m 7T . . T 3n . . 3m
Xy = COS— + Isin— x3=cos—+151n—:—(cos—+lsm—)

4 4 4 4 4 4
Now consider, x® —i = 0 Lxb =i

x=(0+1)Ve = (cosg + ising)l/6 = [cos (an + g) + isin (an + g)]l/é
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= cos ((4k +1) l) + isin ((4k +1) i)
12 12
Putting k = 0,1, 2, 3,4, 5 we get the six roots as
. 5 . .5
x0=cos£+lsml x1=cos—”+lsm—n
12 12 12 12
Xy = COS= + i sin—= = cos = + i sin =
12 12 4 4
131 . . 13w
X3 = COS— + isin—
12 12
171 . . 17w
X4 = coOS— + i sin—
12 12
21 .. 21 3 . .3
X5 = COS—— 4 isin— = — (cos—n + Lsm—n)
12 12 4 4
3 . .3
-~ common roots are + (cosfn + isin T”)
10. f(1+x)°+x°=0
j 0
show that x = —% — %cotz where 6 =2n+1)n/6,n=0,1,2,3,4,5.

6
Solution: (1 + x)® +x® =0 G i)

x6

L;—x = (=1)V% = (cosm + i sinm) /¢ = [cos(2k + 1)m + i sin(2k + 1)m]'/®

= cos ((Zk +1) g) + isin ((Zk +1) %)

x+1—x ..
=cosf +isinf —1
1 ..
-= (cos@ —1)+isiné
X = 1 (cos@—-1)—isin® _ (cosf—1)—isinf® _ (cosf-1)—isinf
" (cos@-1)+isin® * (cosf—1)—isin@ (cos6—1)2+sinZ2 0 - 2(1—cos @)

_ —2sin%(8/2)—i2sin(6/2) cos(6/2)
- 2(2'sin2(6/2))

1 i 9
=—E—%cot(g) where9=(2k+1)%

11. If one root of x* — 6x3 + 15x% — 18x + 10 = 0 is 1 + i, find all other roots.
Solution: The given equation is x* — 6x3 + 15x2 — 18x + 10 = 0
Since one of the rootis 1 + i
~ other root must be 1 — i (since roots always occurs as complex conjugate pairs)
s x = 1= 1iarethetwo roots
cx—1=4i ~(x—-1D%=(£)? ~x?-2x+1=-1
wx?=2x+2=0
Now we want to find other two remaining roots for that we divide

x* —6x3 + 15x% — 18x + 10 by x? — 2x + 2 and we obtain
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axt—6x34+15x2 —18x+10 = (x2 = 2x + 2)(x?* —4x + 5)
~ the remaining two roots are the roots of equation x2 —4x +5 =10
X = —(-)+/(-4)2-4(1)(5) _ 4+V16—20 _ 4+2i
2

2(1) 2 =2t

-~ The required remaining roots of given equationare 1 —i, 2+ i
12. Ifa,a?, a3, a*, are the roots of x> — 1 = 0, find them & show that
Q1-a)(1-a®>)A-a®>A —a*) =5.

Solution: We havex® =1 =cos0 +isin0 ~ x> = cos(2km) + isin(2km)

.. 2km . . 2km
~ x = (cos 2km + i sin 2km)/° = cos— + isin—

Putting k = 0,1,2, 3, 4, we get the five roots as
2T

.. 27T ..
Xo =cos0+isin0 =1, x1=cos?+Lsm5

x2=cos4?n+isin4?n, x3=cos6?n+isin6?n, x4=coss?n+isin8?n,
Putting x; = cosz?” + isinz?” = a,weseethat x, = a?,x; = a3,x, = a*
~ theroots are 1, a, @?, a3, a*, and hence
X°—1=(x-Dx-a)(x—a®>)(x—a®)(x —a*)
cx—a)(x—aHx—-a®)(x—a?) = %
cx—a)(x—aHNx—aHx—a) =x*+x3+x2+x+1
Puttingx = 1L,weget(1—a)(1—a?)(1—a®>)(1—-a®) =5
13. Solve the equation z* = i(z — 1)* and show that the real part of all the roots is 1/2.
Solution: We have z* = i(z — 1)*

4
(L) == cosg+ ising = cos (Znn +§) + isin (2nn+§)

z—1
1/4
o2 = [cos (anr + E) + isin (Znn + E)]
z—1 2 2

= cos(4n + 1)§+ isin(4n + 1)%

-'-Zf—l=c059+isin9 where9=(4n+1)§
z z cosO+isin6 . . .
e = 1= I—cosh-isinB Simplifying as in the above example, we get
. Z —sin(6/2)+ icos(6/2)
1T 25in(8/2)
j 6 j 6
w—z=—24Lcot? .'.zzl—icot—, where 6 = (4n+ 1) =
2 2 2 2 2 2 8

For,n = 0, 1,2, we get three roots, All these roots have the real part 1/2
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14. If wisa 7" root of unity, prove that

S=1+w"+ w?™+ w3 + 0* + 0" + 0" = 7 ifnisamultiple of 7 and is equal to zero
otherwise.

1 1
Solution: We have x = 17 = (cos 2nm + i sin 2nm)7
2nm  2nm
= cosT+ lsmT, where n=0,1,2,3,4,5,6

21 . . 2T
Letw=c057+ 151n7

7
2 . .2 .
aw’ = (cos7n+ Lsm7n) =cos2r+isin2r=1 ~w™=1"=1
If nis not a multipleof 7, ~ w™ # 1

1_w7n

Now,S =1+ 0"+ w?* + 03"+ ......... +@®" = —

_1-1 0

sum of 7 terms of G.P

If nis a multiple of 7, sayn = 7k
Then, S =1+ o™ + 0" + 03" + w*™ + W™ + W
=14 (@)% + (@) + (W) + (w)* + (07)% + (07)¢*
=1+1+1+14+1+1+1=7
15. Provethat 1+ sec(8/2) = (1+¢9) /> + (1 +e0)"
Solution: We have to show that\/l-l-Tc(B/Z) = — + !

Vi+el®  14e-i0

0 1 1 2
Squaring both sides, we get, 1 + sec—- = - -
q g g 2 1+ei® 1+e~i0 (1+ei9)(1+e‘i9)
We shall prove this result
Now, 7r.h.s = 119 l_ie 2
1hem e (1+€i0)(1+ei0)
1 el® 2
= e T iew T Jite-1010031
2 2
2+(€i9+€_i9) V2+2cosé@
2 2
J2(1+cos 8) \J4cos2(6/2)
2 6
= 1+m— 1+S€C5— l.h.s
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SOME PRACTICE PROBLEMS

1. Find the cube roots of unity. If w is a complex cube root of unity prove that

(i) 1+w+w?>=0 (i) —+5;————=0
2.  Prove that the n nth roots of unity are in geometric progression.
3.  Show that the sum of the n nth roots of unity is zero.
4. Prove that the product of n nth roots of unity is (—1)""!
5.  Find all the values of the following :
i) (1) i) ()3 i (1-iv3)"*
3/4

6. Find the continued product of all the values of (% - ?)

7.  Find all the value of (1 + i)2/3 and find the continued product of these values.

8. Solve the equations

(i) x°+8x°+x3+8=0 (i) x*—x3+x2—-x+1=0
(iii) (x+1D%+x2=0
9. If(x+1)6=x6,showthatx=—%—icotgwheree—Zk—” k =0,1,2,3,4,5.

10. Show thattherootsof (x + 1)” = (x — 1)’are givenby =i cot7,r =1,2,3.

11. Ifa,a?, a3, ...a® are the roots of x” — 1 = 0, find them and prove that
l1-a)(-a?)...(1—-a®=7.

12. Provethat x> —1=(x—1) (xz + 2x cos% + 1) (xz + 2x coss?n + 1) = 0.

13. Solve the equation z" = (z + 1)™ and show that the real part of all the rootsis —1/2.

14. Ifa =e'2"/7 andb = a + a? + a*, ¢ = a3 + a® + a®. then prove that b & c are roots of
quadratic equation x? + x + 2 = 0.

15. Prove that (i) J1—cosce(0/2) = (1—e¥?) i -(1- e_ie)_l/z

(iv) 1—sce(8/2)=(1+ eie)_ ~(1+ e—ie)—l/z

16. If 1+ 2i is aroot of the equation x* —3x3 + 8x%2 — 7x + 5 = 0, find all the other roots.

Answers:

N|$|

N|~.

. s . . T 3w . . 3m . .
5. (i) -1, cosEilsmE, COS?iLSID? i i, +

(6k+5)m (6k+5)n’

(ii) 21/% [cos

6. 1

+isin ] wherek =0,1,2,3.
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7. 213 (cossnk% + isin 8"k+"),k = 01,2, product = 2i

8. (i) cosQk+1)n/6+isinRk+1)n/6,k=0,1,2,3,4,5
and 2[cos(k + 1) /3 +isin(2k + 1) /3] , k =0,1,2
(i) cos(2k+ 1)n/5+isin(2k+ 1)n/5,k =0,1,2,3,4

(iii) x=1/[cos(2k+1)n/8+ isin(2k+1)n/8 — 1] here k =0,1,2,3,4,5,6,7
16. 1-2i, (1+iV3)/2
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