KJSCE - SVU COMPLEX NUMBERS SEM-I

DE MOIVRE’S THEOREM

8. Ifa=cos2a+isin2a,b =cos2f +isin2f,c = cos2y + isin2y, prove
ab c
that \/;+\/%—2cos(a+,8—y)

. ab (cos2a+isin2a)(cos 28+sin2p)
Solution: — = — B B
c (cos 2y+isin 2y)

=cos 2a + 2B — 2y) +isin(Qa + 28 — 2y)
=cos2(a+ B —y)+isin2(a+p —vy)

\/%= [cosZ(a+,3—]/)+isin2(a+,8—)/)]1/2
=cos(a+ B —y)+isin(a+p—y)

Similarly, \/% =cos(a+ B —y)—isin(la+p —y)

By addition we get \/% + \/% =2cos(a+ B —vy)

9 Ifx—izZisinH, y—%zZisin@D, z—§=2isintp, prove that

. 1

(i) xyz+E—2cos(9+<P+l/))
LONVE Ny o_o
) 5+ = 2 cos (5 =)

Solution: Since x —i =2isinf -~ x2%—2ixsinf6—-1=0

Solving the quadratic for x, we get,

. — —
= 2O O — i5in 6 + VI — sin? 6 = i sin £ cos
consider x = cosf@ +isiné

Similarly, = cos® +isin®,

Zz=cosy +isiny
(i)

xyz = (cos@ +isinf)(cos® + isinP)(cosy + isiny)

=cos(0+D+yY)+isin(6+ D +y)
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.-.i—cos(0+<1>+1/1)—isin(9+q§+1/))

xyz

Adding we get xyz + i =2cos(0+ P + )

6 . . 6

(ii) i _ (cososisinoy/m _ (cosytising) cos (6 (D) + i sin (9 (D)
Ry (cos®+isin®)l/n (cosg+ising> o m n m n

n n

Similarly, ;—g = cos (g - %) — isin (% - %)

m
. x| Ny 0 @
Adding we get W-I_m_\/ﬁ_ 2 cos (E_Z)

10. Ifcosa+2cosfB +3cosy =sina + 2sinf + 3siny = 0, Prove that
sin3a + 8sin3f + 27sin3y = 18 sin(a + f + ).
Solution: We have cosa + 2cosf + 3cosy =sina + 2sinff + 3siny =0
s (cosa+2cosf+ 3cosy)+ i(sina+2sinf +3siny) =0
% (cosa+isina) + 2(cosB +isinf) + 3 (cosy +isiny) =0
letx =cosa+isina,y =2(cosf +isinf),z=3(cosy +isiny)
“x+y+z=0
s(x+y+2)3=0
ax3+y3+ 23 +3(x+y+2)(xy+yz+2zx) —3xyz=0
~x3+y*+z°=3xyz
s (cosa +isina)® + 23(cosp +isinB)® + 33(cosy + isiny)?
= 3(cosa +isina).2.(cosf +isinf).3.(cosy + isiny)
- By De Moivre’s Theorem,
(cos3a +isin3a) + 8.(cos3B +isin3p) + 27(cos 3y + isin 3y)
= 18[cos(a+ B +y) + isin(a + B + v)]

(cos3a +8cos3B + 27 cos3y) + i(sin3a + 8sin 38 + 27 sin 3y)

= 18[cos(a+ B +vy) + isin(a + B +y)]
Equating imaginary parts, we get the required result.
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11. Ifx, = cosg—r + isin:—r, prove that (i) xyx,x;..ad.inf.=1
(i) xpx1x, ...ad.inf.= —i

. A . . TT
Solution: We have x,, = cos— + i sin—
3r 3r

Puttingr =10,1,2,3 ... ... ... we get x, = COS—+isin— = cosm +isinT =—1
30 30
x1=cosz+isin£ , xz=cosl+isinl............andsoon
3 3 32 32
X1 X9 X3 er ver war enn
( 7T+..7T)( 7T+..7T)( 7T+..7T)
=|cos=—+isin=)(cos—+isin—)|(cos—+isin—).........
3 3 32 32 33 33
=cos(1+i+i+......)n+isin(l+i+i+......)n
3 32 33 3 32 33
1
1,1 1 3 1
But-=+=4+—=+4+ ......00o=23-="=
3 32 33 -5 2
i . . I . .
x1x2x3............=cos;+tsm5=0+l(1)=l
Also X X1 X5 X3 eee vev vee e = X (1) = (1) (@) = —i

12. If (cos@ + isin@)(cos36 + isin36) ...... [cos(2n —1)0 + isin(2n — 1)8] = 1 then
show that the general value of @ is %
Solution:
L.H.S = (cos@ + isinB)(cos36 + isin30) ...... [cos(2n — 1)0 + isin(2n — 1)0]
=cos[1+3+--+(2n—-1)]0 +isin[1+3+ -+ (2n—1)]6
Butl+ 3+ -+ (2n—1)isan A.P. with first term 1, the number of terms n and
common difference 2.
. The Sum, S,, = §[2a+ (n—1).d] = g[z +(n—1).2] =n?
- LH.S=cos(n?0) + isin(n?0)

RHS=1=cos2rm+isin2rm wherer = 0,1,2

21T

Equating the two sides, we get n?8 =2rm ~ 0= e
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13. By using De Moivre’s Theorem show that

sin3a sin(5a/2)

sina + sin2a + ---+ sin5a = .
sina/2

1—z%

Solution:

=14+z+22+23+2z%+25% e (i)

1-z
Let z = cosa + i sin a, then by De Moivre’s theorem, z" = cosna + isinn «
wl4+z+z2+23+2z%+2° =1+ (cosa+isina) + (cos2a + isin2a)

+(cos3a + isin3a) + (cos4a + isin4a) + (cos5a + isin5a)
= (14 cosa + cos2 a + cos3a + cosda + cos5a)

+i (sina + sin2a + sin3a + sina 4 + sin 5a) ......cccuuuee (ii)
1-z6 1—(cosa+isina)® 1-cos6a—isin6a 2sin?3a—2i sin3a cos 3a
Now, = — = — = — —
1-z 1—(cosa+isina) 1—cosa—isina 2sin?(a/2)-2isin(a/2) cos(a/2)

_ sin3a(sin3a— i cos3a) [sin(a/2)+ icos(a/2)]

- sin(a/2)[sin(a/2)—icos(a/2)][sin(a/2)+ i cos(a/2)]

__sin3a(sin3a—icos3a)[sin(a/2)—icos(a/2)]
sin(a/2)[sin?(a/2)+cos2(a/2)]

(sin3a —icos3a)[sin(a/2) —icos(a/2)]

__ sin3a
sin(a/2)

= sntarm 05 (5~ 30) = isin (5 = 3¢)] x [eos (5= 5) + tsin (55|
= S;i?;;;) cos (— % + Sa) + isin (—% + 3a)] X [cos (g — %) + isin (g - g)]

6 sin 3a cOS(3a_%)+ iSin(3a_%)]

T 1z - sin(a/2)

= S;?;fz) cosS (%a) +isin (57“)] ......................... (iii)

Using (i) equating real parts, from (ii) and (iii), we get

1-z

sin 3a.cos(5a/2)
sin(a/2)

1+ cosa+cos2a+ --.+cosba =

And equating imaginary parts, we get

sin3a.sin(5a/2)

sina +sin2a + ---.+sinb5a = -
sin(a/2)
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SOME PRACTICE PROBLEMS:

1.

3.

4,

Simplify
(i) (cos 26 —i sin 20)°(cos 30 +i sin 36)° (ii) (cos 20+i sin 20)3(cos 30 —i sin 30)2
: (cos40+isin46)7(cos@—isinH)8 " (cos 46+isin40)>(cos 50 —isin 50)*
Prove that
() a+0°(1-iv3)’ _ i (i) a+iv3)°’a-p* _ 1

(1-)6(1+iv3)" 32 (V3+i) "2 (1+i)* 8

. 17
Find the modulus and the principal value of the argument of %
3-i

Express (1 + 7i)(2 — i)~ in the form of r(cos 8 + i sin 8) and prove that

the second power is a negative imaginary number and the fourth power is a

negative real number.

5.
6.

7.

10.

11.

12.

If xp, + iyp, = (1 + i\/§)n, prove that x,_1V,, — XpVn—1 = 4n=1,/3,
Simplify (1 + cos 8 + isin6)" + (1 + cos@ — isinH)"

1+sin 6+icos @ . .
Prove that - : =sinf + icosf Hence deduct that
1+sin@—icos @

5 5
(1 +sin§+icos§) +i(1 +sin§—icos§) = 0.

If z = % + i\/z—§ and Z is the conjugate of z find the value of (2)°> + (2)°.
Prove that, if nis a positive integer, then

(i) (a+ib)™" + (a—ib)™" = Z(Vm)m/ncos (% tan™! g)

i) (V3+i) +(3-i) =22

If n is a positive integer, prove that (1 + )" + (1 — )" =2 2™2cosn /4
Hence, deduce that (1 + i) + (1 —i)1° =0

—1+i\/§)n N (—1—i\/§

n
Prove that( ) isequalto —1 if n=3k+1

and 2 if n = 3k where kis an integer.
If a, B are the roots of the equation x> —2x +4 =0,
prove that a™ + ™ = 2"*1cos(nm/3).
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() Deducethat a®® + B> = —21¢ (ii) Deducethat a® + (° =128
13. If a, B are the roots of the equation z%sin?6 — z.sin 20 + 1 = 0, prove that
a™ + B" = 2cosn 6 cosec™d

14. Ifa=cos3a+isin3a,b =cos3f +isin3f,c = cos3y + isin3y,

prove that i/a;b + 3\/% = 2cos(a+ B —vy)

15. Ifx+%=2cos€, y+§=2cos®, Z+§=2COSI/), prove that

. 1 . 1 0+d+1
(i) =xyz+ o 2cos(6 + @ + ) (ii) XyzZ +——==2cos ( > )
PR d _ L ”£ 6_9

(iii) P t o= 2 cos(mf — nd) (iv) R + m = = 2 cos (m n)

16. Ifa=cosa+isina, b=cosf +isinfs, c=cosy+isiny, prove

(bt+c)(cta)(ath) _ 8 cos (a—PB) cos (B-v) cos (V—a).
abc 2 2 2

that
17. If a, b, c are three complex numbers such that a + b + ¢ = 0, prove that
(i) §+%+%= 0 and (i) a?+b%+c2=0
18. Ifcosa + cosfB + cosy = 0andsina + sinf + siny = 0, Prove that
(i) cos2a+cos2f +cos2y =0, sin2a+sin2p + sin2y = 0.
(ii) sin?a + sin? B + sin®?y = cos? a + cos? B + cos?y = %
(iii) cos(a+ B) + cos(B+vy)+ cos(y + a) = 0.
(iv) sin(a + B) +sin(B +y) + sin(y + a) = 0.
(v) cos3a+cos3B+cos3y=3cos(a+ L +7y)
(vi) sin3a + sin3f + sin3y = 3sin(a + L +vy)
19. If acosa+bcosff+ccosy =asina+ bsinf +csiny =0, Prove that
a3 cos3a + b3 cos 3B + ¢3 cos 3y = 3abccos(a + B +¥) and
a®sin3a + b3sin 36 + c3sin3y = 3 abcsin(a+ B +y)
20. If x, = cos G)r T+1isin G)r 1, prove that

(i) xyx,x3..00=1, (i) xox1x5..00=—1
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ANSWERS

1. (i) cos120—isin1260 (ii) 1
3. 4=
6
4., z=—-1+i=+/2(cos3n/4+isin3m/4)
z* = (\/5)4603(371 +isin3m) = —4
+1 o no
6. 2" Lcos™ (E) cos (7)

8. -2
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