KJSCE - SVU COMPLEX NUMBERS SEM-I

DE MOIVRE’S THEOREM

DE MOIVRE’S THEOREM:
Statement : For any rational number n the value or one of the values of
(cos@ +isinf)* =cosnf+isinnb

1. Ifz =cos 0 +isinf then
1

-= z 1= (cos@ + isinB)™! = cos(—0) + i sin(—0) = cosf — isinh
i.e. i = cosf — isinf

2. (cosf —isinf)*=cosnf —isinnb
For, (cos® —isin®)™ = {cos (—0) + i sin (—6)}"

= cos(—nB) + isin(—nH).

=cosnf —isinn 6
Note : Note carefully that,
(1) (sinf +icosO)" #sinn6 +icosnb

But (sinf@ + icosf)™ =[cos (g— 9) + i sin (g— 6)]”
= oS n(g—0)+isinn (2—9)
(2) (cos 8 +isin® )"+ cosnf+ isinn O.

SOME SOLVED EXAMPLES:
Simplif (cos26-isin260)7(cos36+isin36)°
'mpiity (cos30+isin36)12(cos50—isin58)7

Solution: c0s20 —isin26 = (cos6 + isin )2
cos30 + isin360 = (cosO + isinf)3
cos50 — isin560 = (cos@ 4 isinf)™>

1.

(cosO+isin0) "**(cosf+isin 6)*5  (cosO+isinB)
(cosB+i sin 0)36(cosO+isinH) 35  (cosO+isinO)1

1

~ Expression =
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a+P(B3-)" 1
a-)*(v3+)° 4

(1+0)8 (V3-i)*

(1-i)*(vV3+i)°
(1+l)8 [\/_(\/— \/—)]8 [\/i(cosg+isinz)]8= \/iein/4}8:24_612n

(1—1)4—[\/_(———)] _[\/_(COS——lSII’I )] —{\/_e"”/4} =22 e7i"
W3- = [2(Z-9)| = [2(cosE = isinZ)[ = {zein/6}* = 2%, e=i2ws

2

\18 8 , ,
(V3+ i) = [ ( %)] = [2 (Cosn + isin%)] = {Ze‘”/6}8 =28 el4m/3

4 pl2m 4 p—i2m/3 i3m , -
((222 e 173)(€28 el4-77:/3)) 212 ZlZTL’ - ieln = i (COST[ + iSinT[) - Tl

2. Provethat

Solution:

Expression =

(1+l\/—)
V3-9)"

3. Find the modulus and the principal value of the argument of

Solution: Wehave 1+ iV3 =2 (l + l\?) =2 (cos%+ ising)

\/§—l—2(£—ll) 2(005%—1’5&1%)

C(1+iV3)"° _ 2'%[cos(m/3)+isin(m/3)]1
C (3-i)" T 2V[cos(m/6)-isin(m/6)]1

1 ( T .. n)16 ( T .. n)_17
=-\cos—+ isin— cO0S— — ISin—
2 3 3 6 6
. 16 16 =17
1+iv3 1 .. ..
% = —(cosz + lSlle) [cos(—z) +i sm(—z)]
(v3-i) 6 6
(cosi + i smﬂ) [cos (%I) + i sin (%T)]
[ 16 17 16 17
cos( + — )n+lsm( +—)n]
3 6 6

cos () + 5t (2)a]

cos (87‘[ + E) + i sin (87‘[ + %)]

Il
Nlb—\ va—\ Nlb—\ va—\
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1 T ., . IT
=- [cos— + lSll’l—]
2 6 6

1 o .
Hence, the modulus is > and principal value of the argument |s%

. . 1+sina+icosa\"
4. Simplify ( : : )
1+sina—icosa
Solution: We have 1 = sin®a + cos®a = sin®a — i*cos’a

= (sina + icosa)(sina — i cos a)
~1+sina+icosa=(sina+icosa)(sina —icosa)+ (sina + icosa)

= (sina +icosa)(sina —icosa + 1)

. 1+sina+icosa

. . Vs .. T
o ; 5 =Slna+lcosa=cos(——a)+lsm(——a)
1+sina—icosa 2 2

1+sina+icosa\" T . T n
_ - =j1c0S\——a)+isin|-—«a
1+sina—icosa 2 2

T .. T
= COSTI(E—OZ)-F Lsinn (E—a)

5. Ifz=—+i— and Zisthe conjugate of z prove that (z)1° + (Z)1° = 0.

\2 V2
. 1 .1 T . . T _ T . . T
Solution: z=—=+4+i—==cos—+ isin— s Z=CoS——1isin —
V2 V2 4 4 4 4
10 10
- Vs . . T T . . IT
2 (@) + (D)0 = (cosz + isin Z) + (cosz — lSan)

10T . . 10w 10 . . 10w
=|lcos—+ 1siIn— )+ |{coS— — 1SIh—
4 4 4 4

0

10 5m
= 2c0oSs— = 2 cosS (—)
4 2

(i) (14 i\/§)n +(1- i\/S_’)n = 2™ cos(nrc/3).
Solution: 1+iV3 =2 (% + l\?) =2 (cosg + ising)
1—iv/3=2 G— l\?) =2 (cos%— ising)
~(1+i3) +(1-i3)"
A s A

= 2" (cos§ +1i sing)n + 2" (cos§ —1 sing)n
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nrm . . nm nm
= 2" (cos? + isin— ; ) + 2™ (cos—— [ sin— )
nrm nrm T
=2 (COS— i sin"= + cos— — § sin—)
3 T 3 T 3 3
nm
=2" (2 cos?)

nrm
= 2" cos ()

6. Ifa, B arethe roots of the equation x* — 2x + 2 = 0, prove that
a™ + ™ = 2.2™2 cosnm/4, Hence, deduce that a® + B8 = 32

Solution:  Thegiven equationis x2 —2x+2 =10

_ 25/(=22-4()(@) _ 244 _ —14i
2

2(1)
ra=1 +i=\/§(\/—+l\/——) \/i(cos%+isin%)

p=1-i= \/Z(j—— l\/i—) \/z(cos%— isin%)
Lat+ gt = [\/f(cos— + ising)]n + [\/Z_(cosg — isin%)]n

= n/2 (cos + isin— ) on/2 (cos%— isin%)

= 2n/2 (cos— +isin—+ cos——i sinﬂ)
4 4 4

= (\/_) (Zcos—)

=2 -2”/20057

Puttingn=8 a8+ B8 =2-2%cos2n=2°=32

7. |If a, B arethe roots of the equation x%2—2V3x+4 = 0, Prove that
a’+p3=0anda®—-p3=16i
Solution:The given equationis x?> —2V3x+4 =0

2\/_+'12 1 _/3+i=2 (\/_ %) =2 (cos— +i sin— )are the roots

Leta =2 (cos— + isin—), B = 2(cos—— isin—)
6 6 6 6

Applied Mathematics — | 4 Prof. Nandini Rai



KJSCE - SVU COMPLEX NUMBERS SEM-I

3 3
cad+ p3=23 (cos%+ isin%) + 23 (cos%— isin%)

T . . IT T . . T Vs
=23 [cos— + isin—4+cos——1i sm—] =23.2cos—=0
2 2 2 2 2
3

3
Similarly, a3 — g3 = 23 (cos% + isin%) + 23 (cos%— isin%)

T . . I T . . IT .. s .
=23 [cos;+tsm;— cos;+z5m;] =23.2isin >=161
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