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DE MOIVRE’S THEOREM 

 

DE MOIVRE’S THEOREM: 

Statement : For any rational number n the value or one of the values of 

                      (cos 𝜃 + 𝑖 sin 𝜃)𝑛 = cos 𝑛 𝜃 + 𝑖 sin𝑛 𝜃 

1. If 𝑧 = 𝑐𝑜𝑠 𝜃 + 𝑖 sin𝜃 then 

 
1

𝑧
= 𝑧−1 = (cos 𝜃 +  𝑖 𝑠𝑖𝑛 𝜃)−1 = cos(−𝜃) + 𝑖 sin (−𝜃) = cos 𝜃 −  𝑖 sin𝜃 

 i.e.   
1

𝑧
= cos𝜃 −  𝑖 sin𝜃 

2. (cos𝜃 − 𝑖 sin𝜃)𝑛 = cos  𝑛 𝜃 − 𝑖 sin𝑛 𝜃 

 For, (cos𝜃 − 𝑖 sin𝜃)𝑛 = {cos (−𝜃) + 𝑖 sin  (−𝜃)}𝑛  

                                          = cos(−𝑛𝜃) + 𝑖𝑠𝑖𝑛(−𝑛𝜃).     

                                                        

                                                    = cos𝑛 𝜃 − 𝑖 sin  𝑛 𝜃 

Note : Note carefully that ,  

 (1)  (sin𝜃 + 𝑖 cos𝜃)𝑛 ≠ sin𝑛 𝜃 + 𝑖 cos 𝑛 𝜃 

  But (sin𝜃 + 𝑖 cos𝜃)𝑛 = [𝑐𝑜𝑠(
𝜋

2
− 𝜃) + 𝑖 sin(

𝜋

2
− 𝜃)]𝑛 

             = cos  𝑛 (
𝜋

2
− 𝜃) + 𝑖 sin𝑛 (

𝜋

2
− 𝜃)   

 (2)  (cos θ + i sin  )𝑛 ≠ cos 𝑛 𝜃 +  𝑖 sin𝑛  .  

 

SOME SOLVED EXAMPLES: 

1.  Simplify 
(cos2𝜃−𝑖 sin 2𝜃)7(cos3𝜃+𝑖 sin 3𝜃)5

(cos3𝜃+𝑖 sin 3𝜃)12(cos5𝜃−𝑖 sin 5𝜃)7                       

Solution:     𝑐𝑜𝑠2𝜃 − 𝑖 sin2𝜃 = (𝑐𝑜𝑠𝜃 + 𝑖 sin 𝜃)−2 

            𝑐𝑜𝑠3𝜃 + 𝑖 sin3𝜃 = (𝑐𝑜𝑠𝜃 + 𝑖 sin𝜃)3  

           𝑐𝑜𝑠5𝜃 − 𝑖 sin5𝜃 = (𝑐𝑜𝑠𝜃 + 𝑖 sin 𝜃)−5  

           ∴ Expression =
(𝑐𝑜𝑠𝜃+𝑖 sin 𝜃)−14(𝑐𝑜𝑠𝜃+𝑖 sin 𝜃)15

(𝑐𝑜𝑠𝜃+𝑖 sin 𝜃)36(𝑐𝑜𝑠𝜃+𝑖 sin 𝜃) −35 =
(𝑐𝑜𝑠𝜃+𝑖 sin 𝜃)1

(𝑐𝑜𝑠𝜃+𝑖 sin 𝜃)1 = 1  
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2.    Prove that   
(1+𝑖)8(√3−𝑖)

4

(1−𝑖)4(√3+𝑖)
8 = −

1

4
                                    

 Solution:     
(1+𝑖)8(√3−𝑖)

4

(1−𝑖)4(√3+𝑖)
8   

(1 + 𝑖)8 = [√2 (
1

√2
+

𝑖

√2
)]

8

= [√2 (cos
𝜋

4
+ 𝑖 sin

𝜋

4
)]

8

= {√2𝑒𝑖𝜋 4⁄ }
8

= 24. 𝑒𝑖 2𝜋 

  (1 − 𝑖)4 = [√2(
1

√2
−

𝑖

√2
)]

4

= [√2 (cos
𝜋

4
− 𝑖 sin

𝜋

4
)]

4

= {√2𝑒−𝑖𝜋 4⁄ }
4

= 22. 𝑒−𝑖 𝜋  

  (√3 − 𝑖)
4

= [2 (√3

2
−

𝑖

2
)]

4

= [2 (cos
𝜋

6
− 𝑖 sin

𝜋

6
)]

4

= {2𝑒−𝑖𝜋 6⁄ }
4

= 24. 𝑒− 𝑖 2𝜋 3⁄   

   (√3 + 𝑖)
8

= [2 (
√3

2
+

𝑖

2
)]

8

= [2 (cos
𝜋

6
+ 𝑖 sin

𝜋

6
)]

8

= {2𝑒𝑖𝜋 6⁄ }
8

= 28 . 𝑒𝑖 4𝜋 3⁄    

Expression =
(24.𝑒𝑖 2𝜋).(24 .𝑒− 𝑖 2𝜋 3⁄ )

(22 .𝑒−𝑖 𝜋).(28.𝑒𝑖 4𝜋 3⁄ )
=

1

22 .
𝑒𝑖 3𝜋

𝑒𝑖 2𝜋 =
1

4
𝑒𝑖 𝜋 =

1

4
(cos𝜋 + 𝑖 sin𝜋) =

−1

4
 

 

3.   Find the modulus and the principal value of the argument of  
(1+𝑖√3)

16

(√3−𝑖)
17             

Solution:  We have    1 + 𝑖√3 = 2 (
1

2
+ 𝑖

√3

2
) = 2 (𝑐𝑜𝑠

𝜋

3
+ 𝑖𝑠𝑖𝑛

𝜋

3
)  

                  √3 − 𝑖 = 2 (√3

2
− 𝑖

1

2
) = 2 (𝑐𝑜𝑠

𝜋

6
− 𝑖𝑠𝑖𝑛

𝜋

6
)   

   ∴
(1+𝑖√3)

16

(√3−𝑖)
17 =

216[𝑐𝑜𝑠(𝜋 3⁄ )+𝑖 sin(𝜋 3⁄ )]16

217[𝑐𝑜𝑠(𝜋 6⁄ )−𝑖 sin(𝜋 6⁄ )]17
  

        =
1

2
(𝑐𝑜𝑠

𝜋

3
+ 𝑖𝑠𝑖𝑛

𝜋

3
)

16
(𝑐𝑜𝑠

𝜋

6
− 𝑖𝑠𝑖𝑛

𝜋

6
)

−17

  

  ∴
(1+𝑖√3)

16

(√3−𝑖)
17   =

1

2
(𝑐𝑜𝑠

𝜋

3
+ 𝑖𝑠𝑖𝑛

𝜋

3
)

16
[𝑐𝑜𝑠(−

𝜋

6
) + i sin(−

𝜋

6
)]

−17

 

                                =
1

2
(𝑐𝑜𝑠

16𝜋

3
+ 𝑖 sin

16𝜋

3
) [𝑐𝑜𝑠(

17𝜋

6
) + 𝑖 sin(

17𝜋

6
)]  

                                =
1

2
[𝑐𝑜𝑠(

16

3
+

17

6
)𝜋 + 𝑖 sin(

16

3
+

17

6
) 𝜋]     

      =
1

2
[𝑐𝑜𝑠(

49

6
)𝜋 + 𝑖 𝑠𝑖𝑛 (

49

6
)𝜋]  

                                =
1

2
[𝑐𝑜𝑠(8𝜋 +

𝜋

6
) + 𝑖 sin(8𝜋 +

𝜋

6
)]       
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            =
1

2
[𝑐𝑜𝑠

𝜋

6
+ 𝑖 sin

𝜋

6
]  

  Hence, the modulus is 
1

2
 and principal value of the argument is 

𝜋

6
 

4.  Simplify (
1+sin𝛼+𝑖 cos𝛼

1+sin𝛼−𝑖 cos𝛼
)

𝑛

      

Solution:   We have 1 = 𝑠𝑖𝑛2𝛼 + 𝑐𝑜𝑠2𝛼 = 𝑠𝑖𝑛2𝛼 − 𝑖2𝑐𝑜𝑠2𝛼 

     = (sin𝛼 + 𝑖 cos 𝛼)(sin𝛼 − 𝑖 cos 𝛼)  

       ∴ 1 + sin𝛼 + 𝑖 cos 𝛼 = (sin𝛼 + 𝑖 cos𝛼)(sin𝛼 − 𝑖 cos𝛼) + (sin𝛼 + 𝑖 cos 𝛼)  

                     = (sin𝛼 + 𝑖 cos𝛼)(sin𝛼 − 𝑖 cos𝛼 + 1)      

  ∴
1+sin 𝛼+𝑖 cos𝛼

1+sin 𝛼−𝑖 cos𝛼
= sin𝛼 + 𝑖 cos𝛼 = 𝑐𝑜𝑠 (

𝜋

2
− 𝛼) + 𝑖 sin(

𝜋

2
− 𝛼) 

       ∴ (
1+sin𝛼+𝑖 cos𝛼

1+sin𝛼−𝑖 cos𝛼
)

𝑛

= {𝑐𝑜𝑠(
𝜋

2
− 𝛼) + 𝑖 sin(

𝜋

2
− 𝛼)}

𝑛

 

          = cos 𝑛 (
𝜋

2
− 𝛼) +  𝑖 sin𝑛 (

𝜋

2
− 𝛼)   

 

5.  If 𝑧 =
1

√2
+ 𝑖

1

√2
 𝑎𝑛𝑑 𝑧 is the conjugate of z prove that (𝑧)10 + (𝑧)10 = 0. 

Solution:      𝑧 =
1

√2
+ 𝑖

1

√2
= cos

𝜋

4
+  𝑖 sin

𝜋

4
             ∴ 𝑧̅ = cos

𝜋

4
− 𝑖𝑠𝑖𝑛 

𝜋

4
  

               ∴ (𝑧)10 + (𝑧̅)10 = (cos
𝜋

4
+  𝑖 sin

𝜋

4
)

10

+ (cos
𝜋

4
−  𝑖 sin

𝜋

4
)

10

  

                           = (cos
10𝜋

4
+  𝑖 sin

10𝜋

4
) + (cos

10𝜋

4
−  𝑖 sin

10𝜋

4
)  

                        = 2 cos
10𝜋

4
= 2 cos (

5𝜋

2
) = 0  

 

 (ii)  (1 + 𝑖√3)
𝑛

+ (1 − 𝑖√3)
𝑛

= 2𝑛+1𝑐𝑜𝑠(𝑛𝜋 3⁄ ). 

  Solution:    1 + 𝑖√3 = 2 (
1

2
+ 𝑖

√3

2
) = 2 (cos

𝜋

3
+ 𝑖 sin

𝜋

3
) 

  1 − 𝑖√3 = 2 (
1

2
− 𝑖

√3

2
) = 2 (cos

𝜋

3
− 𝑖 sin

𝜋

3
) 

  ∴ (1 + 𝑖√3)
𝑛

+ (1 − 𝑖√3)
𝑛

 

= 2𝑛 (cos
𝜋

3
+ 𝑖 sin

𝜋

3
)

𝑛

+ 2𝑛 (cos
𝜋

3
− 𝑖 sin

𝜋

3
)

𝑛
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                                          = 2𝑛 (cos
𝑛𝜋

3
+ 𝑖 sin

𝑛𝜋

3
) + 2𝑛 (cos

𝑛𝜋

3
− 𝑖 sin

𝑛𝜋

3
) 

                                              = 2𝑛 (cos
𝑛𝜋

3
+ 𝑖 sin

𝑛𝜋

3
+ cos

𝑛𝜋

3
− 𝑖 sin

𝑛𝜋

3
) 

                                                         = 2𝑛 (2 cos
𝑛𝜋

3
) 

                                           = 2𝑛+1 cos(
𝑛𝜋

3
) 

 

6.  If 𝛼, 𝛽 are the roots of the equation 𝑥2 − 2𝑥 + 2 = 0, prove that 

  𝛼𝑛 + 𝛽𝑛 = 2.2𝑛 2⁄ cos 𝑛 𝜋 4⁄ , Hence, deduce that 𝛼8 + 𝛽8 = 32 

Solution:    The given equation is 𝑥2 − 2𝑥 + 2 = 0 

  ∴ 𝑥 =
2±√(−2)2−4(1)(2)

2(1)
=

2±√−4

2
= 1 ± 𝑖 

  ∴ 𝛼 = 1 + 𝑖 = √2 (
1

√2
+ 𝑖

1

√2
) = √2 (𝑐𝑜𝑠

𝜋

4
+ 𝑖 sin

𝜋

4
)  

     𝛽 = 1 − 𝑖 = √2 (
1

√2
− 𝑖

1

√2
) = √2 (𝑐𝑜𝑠

𝜋

4
− 𝑖 sin

𝜋

4
)  

         ∴ 𝛼𝑛 + 𝛽𝑛  = [√2(𝑐𝑜𝑠
𝜋

4
+ 𝑖 sin

𝜋

4
)]

𝑛

+ [√2 (𝑐𝑜𝑠
𝜋

4
− 𝑖 sin

𝜋

4
)]

𝑛

 

        = 2𝑛 2⁄ (𝑐𝑜𝑠
𝑛𝜋

4
+ 𝑖 sin

𝑛𝜋

4
) + 2𝑛 2⁄ (𝑐𝑜𝑠

𝑛𝜋

4
− 𝑖 sin

𝑛𝜋

4
)  

    = 2𝑛 2⁄ (𝑐𝑜𝑠
𝑛𝜋

4
+ 𝑖 sin

𝑛𝜋

4
+ 𝑐𝑜𝑠

𝑛𝜋

4
− 𝑖 sin

𝑛𝜋

4
) 

    = (√2)
𝑛

(2𝑐𝑜𝑠
𝑛𝜋

4
) 

    = 2 ∙ 2𝑛 2⁄ 𝑐𝑜𝑠
𝑛𝜋

4
 

  Putting 𝑛 = 8      𝛼8 + 𝛽8 = 2 ∙ 24 cos 2𝜋 = 25 = 32 

  

7.  If 𝛼, 𝛽 are the roots of the equation  𝑥2 − 2√3𝑥 + 4 = 0, Prove that 

𝛼3 + 𝛽3 = 0 and 𝛼3 − 𝛽3 = 16 𝑖 

Solution:The given equation is  𝑥2 − 2√3𝑥 + 4 = 0 

∴ 𝑥 =
2√3±√12−16

2
= √3 ± 𝑖 = 2 (√3

2
± 𝑖.

1

2
) = 2 (𝑐𝑜𝑠

𝜋

6
± 𝑖 sin

𝜋

6
) are the roots  

           Let 𝛼 = 2 (𝑐𝑜𝑠
𝜋

6
+ 𝑖 sin

𝜋

6
) , 𝛽 = 2 (𝑐𝑜𝑠

𝜋

6
− 𝑖 sin

𝜋

6
) 
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           ∴ 𝛼3 + 𝛽3  = 23 (𝑐𝑜𝑠
𝜋

6
+ 𝑖 sin

𝜋

6
)

3

+ 23 (𝑐𝑜𝑠
𝜋

6
− 𝑖 sin

𝜋

6
)

3

 

    = 23 [cos
𝜋

2
+ 𝑖 sin

𝜋

2
+ cos

𝜋

2
− 𝑖 𝑠𝑖𝑛

𝜋

2
] = 23. 2 𝑐𝑜𝑠

𝜋

2
= 0  

          Similarly, 𝛼3 − 𝛽3 = 23 (𝑐𝑜𝑠
𝜋

6
+ 𝑖 sin

𝜋

6
)

3

+ 23 (𝑐𝑜𝑠
𝜋

6
− 𝑖 sin

𝜋

6
)

3

    

              = 23 [cos
𝜋

2
+ 𝑖 sin

𝜋

2
− cos

𝜋

2
+ 𝑖 𝑠𝑖𝑛

𝜋

2
] = 23 .2 𝑖 𝑠𝑖𝑛 

𝜋

2
= 16 𝑖  

 


